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ABSTRACT 

 

This study provides a model using Dyadic Green's Functions for predicting the electric field in 

mixed paths for UHF. A new approach is used considering propagation in vertical layers to 

obtain new equations. The development of the model was accomplished in a mixed City-River-

Forest path located in the Amazon Region. A measurement campaign was developed in Belém-

Pará over Guajará Bay to obtain data in the proposed scenario. Measurement data were 

collected from a digital TV broadcasting transmitter. A comparative analysis was carried out 

among the proposed model, ITU-R P.1546-5, measurement data and ITU-R P.1546-5 using 

Millington’s curve-fitting. The measurement data and the model using Dyadic Green's Function 

are in a good agreement and have RMS error not greater than 2 dB. The results confirm the 

efficiency and applicability of the proposed model.  

 

 

Keywords: Dyadic Green's Function, mixed path, vertical layer, City-River-Forest, digital 

TV broadcasting. 
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RESUMO 

 

Este estudo apresenta um modelo usando as Funções de Green Diádicas para predição do campo 

elétrico em trajetos mistos para UHF. Uma nova abordagem é usada considerando a propagação 

em camadas verticais para a obtenção de novas equações. O desenvolvimento do modelo foi 

realizado no trajeto misto Cidade-Rio-Floresta, localizado na região Amazônica. Uma 

campanha de medição foi desenvolvida em Belém-Pará sobre a Baía de Guajará para obter 

dados no cenário proposto. Os dados de medição foram coletados de um transmissor de 

transmissão de TV digital. Foi realizada uma análise comparativa entre o modelo proposto, 

ITU-R P.1546-5, dados de medição e ITU-R P.1546-5 utilizando o ajuste de curva de 

Millington. Os dados de medição e o modelo usando a Funções de Green Diádicas estão em 

concordância e têm valores de erro RMS não superiores a 2 dB. Os resultados confirmam a 

eficiência e aplicabilidade do modelo proposto. 

 

 

Palavras-chaves: Funções de Green Diádicas, trajetos mistos, camadas verticais, Cidade-

Rio-Floresta, transmissão de TV digital. 
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1. Introduction 
 

 

The proper performance of communication systems is related to the coverage of the electric 

field in a certain area. The propagation models are an important tool for the calculation of 

variables describing the process. Propagation models have been studied and developed over 

approximately 70 years [1], these can be classified as empirical, deterministic, stochastic or a 

combination of them. Its use and efficiency are related to the type of path, obstructions, links, 

and accuracy required. 

Introduced at the beginning of the last century, surface-wave propagation has been 

extensively starting investigated by Sommerfeld [2], who solved the general problem of the 

effect of finite soil conductivity by an infinitesimal vertical electric dipole located on a planar 

surface. Norton [3], [4] introduced formulas representing the ground-wave field intensity at the 

surface of the earth as radiated from a short vertical antenna. In his study, Norton also showed 

that surface-wave are important both day and night and over land and sea. Considering ground-

wave propagation over mixed paths an inhomogeneous smooth earth, Millington [5], [6] 

proposed a curve-fitting approach which takes inhomogeneous path variations into account. 

This method had the experimental part performed in mixed land-sea paths in the frequency 

bands of HF and MF. Other classic mixed-paths models can be seen in the studies of Wait [7]–

[9] and King [10]. These are the classic models that are cited and used in various works on the 

subject. It is emphasized that all of them consider a vertical dipole due to the applications of 

that time, which used radio wave in low frequencies. In recent years, the current works on 

propagation in mixed paths have been focused on the development of tools that simulate this 

propagation [11][12], models that include terrains with mountains [13], types of the sea (smooth 

and rough) [14] and measurements in the range of HF compared to classic models [15]. 

A more comprehensive and rigorous analysis to calculate the electric field can be achieved 

using Dyadic Green’s Functions (DGF). These functions were introduced by Hansen [16]. 

Later, they were used to analyze the propagation in waveguides, resonant cavities and 

propagation in semi-infinite or layered media [17]–[19]. The use of DGF in the analysis of the 

propagation of electromagnetic waves in semi-infinite or layered media was done by Tai [20], 

and similar work was done by Cavalcante [21]. There are some studies [22], [23], which shows 

the applicability of DGF for the propagation of the electromagnetic signal at low frequencies, 

largely for use in radio propagation services in the 30 MHz to 200 MHz frequency range. In 
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recent works, DGF have been used to calculate: impedance of a half-plane [24]; analytical 

expressions for electromagnetic DGF in graphene [25] and in printed antennas [26], [27]. 

Knowledge of the characteristics of electromagnetic propagation is very important to provide 

quality and greater coverage in the services of the communications systems. These systems are 

always in development and more present in all parts of the world. In addition to the mobile 

phone systems present around the world, there are the services of Digital TV, 4G systems 

(LTE), Digital Radio, radar services and others. All these systems operate in a frequency range 

from VHF to UHF, showing that the frequency range of interest has changed in this century. 

Therefore, there is a requirement for models that contemplate this frequency range. 

 

 

 1.2. Motivation 

 

There is a type of mixed path, very present in various places and cities that is practically not 

studied: mixed paths involving river and land. Several cities in the world have rivers within 

them or on their margins. Some examples of cities and their rivers are: Paris along the Seine, 

the River Thames that flows through London and Oxford, Lisbon and nearby regions have on 

their banks the Tagus River, Holland and other five countries that the Rhine crosses and several 

cities of Brazil that are cross by several rivers. Therefore, a propagation model for these types 

of environments is necessary and important, and it is also useful for current communication 

systems. 

ITU Recommendation P.1546-5 [28] describes a method for point-to-area radio propagation 

predictions for terrestrial services in the frequency range 30 MHz to 3 000 MHz. The method 

is based on interpolation/extrapolation from empirically derived field-strength curves as 

functions of distance, antenna height, frequency and percentage time. In this recommendation, 

there is a method for calculating the electric field for mixed paths, but this method is only 

applied to: land-sea paths, land-coastal land paths and land- (sea + coastal land) paths and not 

to: land-land paths or any combination of sea and/or coastal-land paths. In addition, it only 

considers the proportion of land and water present in the environment; a land-water-land path 

is equal to a water-land-water path, for example. In [29], an extensive propagation measurement 

survey was performed in a mixed land/sea paths. Eight frequencies between 500 and 700 MHz 

were used, over 21 million measurements were collected for 500 days and there is a description 

of the survey and actions taken to assure high data quality. The results were compared with 
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predictions of the ITU-R Rec. P.1546-4 propagation model and they were disappointing:  

differences of up to 20 dB are found. Suggestions were made in the paper for improvement of 

the model. Then, the recommendation is not adequate to provide good results in propagations 

of mixed paths in this frequency. Therefore, it is necessary to perform an adjustment in the 

recommendation or a new model for this problem. 

 

1.3. General objectives 

 

The objective of this thesis is to perform the electric field prediction formulation using the 

Dyadic Green’s Functions for mixed paths. The calculations and its equations will be presented 

for environments with n-paths. Summarizing, the novelties proposed in this model are: 

 to model environments with mixed paths (without considering proportions of the paths); 

 its applicability to the frequency range of UHF; 

 the possibility of considering several paths in the environment in a final formula. 

 Conducting tests of the accuracy of the DGF model developed for different times and 

frequencies, and other simulation parameters (height of the transmitter relative 

permittivity and conductivity receptor height); 

For the analysis of the results, simulations will be made to analyze the use of the Dyadic 

Green functions for mixed paths with the measured data of a digital TV station of Belém, a city 

in an Amazon Region. In addition, other models present in the literature will be used to perform 

this verification. This analysis will show the applicability and validation of the model proposed 

in this thesis. 

 

1.4. Thesis Contributions  

 

Although there are works with multilayer structures using Dyadic Green’s Functions, 

there is no work that deals with mixed paths considering propagation in vertical and horizontal 

layers. In addition, to date, there is no study of electromagnetic propagation in mixed paths in 

land-river environments using Dyadic Green's functions. 

The main contribution of this thesis is a new approach, in which vertical propagation is 

considered in obtaining new equations to electric DGF, boundary conditions and independent 

vector wave functions, all considering vertical scattering. Using DGF, the propagation model 

performed in this works represents the electric field for mixed paths allowing to use any number 
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of horizontal and vertical layers. The use of DGF to obtain an electric field for a mixed path is 

different from earlier models such as Norton that use Millington’s curve fitting.  

The City-River-Forest mixed path is studied, a path not studied before. Although the DGF 

is a deterministic model, it provides better results for the mixed path analyzed. Despite all the 

mathematical formalism in the model using DGF, it is a robust and fast model for performing 

calculations. The presented results presented confirm the applicability of the model to the case 

study analyzed in this thesis. 

 

 

1.5. Thesis Organization 

 

This thesis is divided into 7 chapters:  

 In Chapter 1 an introduction of the thesis was realized. 

 Chapter 2 discusses some work/studies produced about propagation in mixed paths and 

about the functions of Dyadic Green. 

 Chapter 3 describes the theoretical bases of the Dyadic Green's Functions for the electric 

field formulation. 

 In Chapter 4 the Dyadic Green's Functions are described for the electric field calculation 

in Mixed Paths. 

 Chapter 5 explains the measurement campaign that was performed to obtain data used in 

the results. 

 In chapter 6 the results obtained are presented. 

 In chapter 7 the conclusions obtained and the possibilities of future work to be realized.  

 Finally, the references used in the thesis are listed. 
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2. Related Work  
 

 

Some work and research about the mixed path and Dyadic Green’s Functions will be 

presented in this topic. The purpose of this chapter is not to conduct extensive and detailed 

research of all work done on these subjects but to present how mixed paths and DGF have been 

studied over the years.  

First, the electromagnetic propagation in mixed paths will be presented showing how the 

subject was analyzed over the years and the current existing studies about it. Next, an analysis 

of work about DGF in electromagnetism will be performed. 

 

 

2.1. Related Works about Mixed Paths 

 

The study of surface-wave propagation started with Arnold Sommerfeld. In 1909 

Sommerfeld solved the general problem of the effect of the finite conductivity of the ground on 

the radiation from a grounded condenser antenna [2]. Since that time many other investigators, 

have obtained similar solutions to the problem in various approaches. From then, the ground 

wave propagation advanced and some works about mixed paths started. Next, some works 

about it are presented, in chronological order up to the present day (2018). 

 

The Propagation of Radio Waves Over the Surface of the Earth and in the Upper 

Atmosphere – Part I: Ground-Wave Propagation from Short Antennas, Part II: The 

Propagation from Vertical, Horizontal, And Loop Antennas Over a Plane Earth of Finite 

Conductivity (K. A. NORTON – 1936) 

 

In these studies [3], [4] Norton developed formulas and graphs which represent the 

ground-wave field intensity at the surface of the earth as radiated from a short vertical antenna 

at the surface of the earth. The Norton’s formulation extracts a ray-optical asymptotic 

approximation from a wavenumber spectral integral representation under the standard 

atmosphere assumption. The diffraction formula given is theoretically valid only at the lower 

frequencies; however, the sky waves are important over land and sea where diffraction would 

otherwise cause a marked decrease in the received field intensity. 
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Ground-Wave Propagation Over an Inhomogeneous Smooth Earth (G. MILLINGTON – 

1948) 

 

In [5] Millington studied the propagation over an inhomogeneous smooth earth. The 

inhomogeneity in the work refers only to changes in the earth constants from place to place, 

and the problem was idealized by assuming a wave radiated from a vertical dipole over a series 

of homogeneous annular sections. In this study Millington also observed the phenomenon of 

Recovery Effect: "It leads to the striking suggestion that on passing from a section of one value 

of conductivity to another of a higher one, there is a recovery in field-strength before the 

attenuation of the wave becomes characteristic of the new section". Then, Millington proposed 

a curve-fitting method that takes inhomogeneous path variations into account with a recursive 

equation. This method had the experimental part performed in mixed land-sea paths in the 

frequency bands of HF and MF [30]. 

 

Curves for Ground Wave Propagation Over Mixed Land and Sea Paths (JAMES R.  

WAIT – 1963) 

 

In this work [7], Wait presented a method for ground wave propagation over paths which 

are part sea and part land. Wait’s model uses the spectral integral as a series of normal modes 

propagating along a spherical Earth’s surface. Wait also carried out studies on this same type 

of mixed paths in VLF [8], [9]. In [31], David A. Hill and Wait found for a land-to-sea path 

that the well-known recovery effect in amplitude and phase is more extreme at higher 

frequencies but is reduced for elevated observer heights. For a sea-to-sea ice path, there is a 

brief recovery because of the excitation of the trapped surface wave over sea ice. 

 

Radio Wave Propagation Along Mixed Paths in Forest Environments (T. TAMIR – 1977)  

 

In this work [32], the author examined the propagation of radio waves to paths that can 

be partly within a forest and partly in regions outside the vegetation. Analytical results were 

found for simple canonical geometries in which fields can be described in terms of ray 

trajectories. An important feature of this work was to show that these analytical results can be 

described in terms of ray-tracking approach that represent contributions of both lateral wave 

and geometric optics, allowing the calculation of radio losses in some forest environments. The 

relevant fields can then be expressed in terms of relatively simple analytical expressions, which 

are well expressed at frequencies between 2 and 200 MHz. 
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Uma Nova Abordagem da Recomendação ITU-R P.1546 Para a Predição de Cobertura 

em Enlaces Curtos Sobre Terrenos Mistos (MARCO A. MAYRINK – 2005) 

 

In this dissertation [33], the calculation is made for a mixed path (land-water) to coastal 

zones in Brazil, where measured data were collected at the edge of the Lago da Pampulha in 

Minas Gerais. Data measured on the shore of Paranoá Lake were considered. In this study, it 

was verified that the ITU-R Recommendation P.1546 does not approximate the measured data. 

An approach was presented to calculate the electric field in the mixed path, considering the first 

Fresnel zone that intersects as the terrain profile. In this approach, a modification was made in 

the method proposed in the ITU-R recommendation, in which it was possible to obtain a smaller 

error in comparison to the measured data.   

 

A Mixed-Path Groundwave Field-Strength Prediction Virtual Tool for Digital Radio 

Broadcast Systems in Medium and Short Wave Bands (LEVENT SEVGI – 2006) 

 

In this work [11], a virtual tool is developed to calculate the surface-wave field strengths 

and path losses at a few points along a specified propagation path. The tool uses Millington's 

curve-fitting to calculate the path loss in mixed paths at MF and HF Bands. Gökhan Apaydın 

and Levent Sevgi developed another tool that calculates the path loss in mixed paths using finite 

element method (FEM) for MF and HF frequency bands in [12]. In another study [13], they 

analyzed the surface wave propagation along multi-mixed-paths with irregular terrain over 

spherical Earth in two-dimension (2D) in sea-land-sea (island) transition problem including 

non-flat (hilly) islands at MF and HF bands. In [34], Gökhan Apaydin and Levent Sevgi also 

developed a virtual tool based in MATLAB using Finite-Element Method and Parabolic-

Equation to calculate the electromagnetic field strength and path loss over multi-mixed irregular 

terrain paths.  

 

Mixed-Path Trans-Horizon UHF Measurements for P.1546 Propagation Model 

Verification (B. A. WITVLIET et. al – 2011) 

 

In this work [29] a measurement campaign was developed for a mixed-path land-sea in 

UHF in the Netherlands and England. The transmitter and receiver were fixed. The 

measurements were not made on the sea, but only in the coastal zone. Eight frequencies between 

500 and 700 MHz were used.  Over 21 million measurements were collected for 500 days. The 

model present in the ITU-R Recommendation P.1546 was used, which did not show coherence 

between the measured and the calculated data. Differences of up to 20 dB were observed, a fact 
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attributed by the characteristics of the terrain, that using corrections of the height of the 

antennas, the value decreased to 8 dB. There are some studies [14], [35] that analyzed the 

recommendation in sea-only paths and obtained similar results. 

 

Measurements of Vertically Polarized Electromagnetic Surface Waves Over a Calm Sea 

in HF Band. Comparison to Planar Earth Theories (MATHILDE BELLEC et. al. – 2014) 

 

Measurement data from the electric field propagation on the Mediterranean Sea are 

presented in this article [15]. The measurements were performed at 10, 20 and 30 MHz by 

comparing them with the King and Norton models. In order to consider the change of the signal 

in the land-water transition area, the Millington method was added. In addition, the decay 

variation of the signal with the distance (1/d) and with the square of the distance (1/d2) was 

evaluated. The results presented the “Recovery Effect” for the three frequencies. For the case of 

10 MHz, coherence between the measured and calculated data was presented. At 20 and 30 

MHz, in the transition area (6 km), the calculated data overestimate the measured data, which 

is attributed to the presence of a sand dune that causes diffraction (not considered in the 

calculations).  

 

Millington Effect and Propagation Enhancement in 60-GHz Body Area Networks 

(THEODOROS MAVRIDIS et. al. – 2016) 

 

In this recent study [36], the use of the Millington correction factor for on-body 

propagation in the 60-GHz band was verified. The main subject of this study was the mixed 

paths (human skin–metallic surfaces) for on-body scenarios. Millington’s formulation allows 

addressing the problem of discontinuities between these two materials. In complement to 

Millington’s equations, Norton’s solutions were used in order to solve the propagation above a 

flat surface. An improvement of 10–20 dB in the path loss has achieved in some cases.   

 

Thus, most of the works were developed for low frequencies in the LF, HF, MF bands. It 

is also emphasized that the mixed paths considered were typically land-sea and the 

measurements were carried out with the receiver located on the coast or the edge of the path 

involving water. In this work, the developed model and measurements are performed for the 

521 MHz frequency, which is in the UHF band for the Digital TV service. In addition, the 

measured data were not obtained on the sea, but on fresh water. It is important to note that 

recent works are focused on higher frequencies. It was also noted that ITU Recommendation 
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P.1546 presents a model for mixed paths, but it is not enough to provide good results in mixed 

paths propagations in this frequency range. Therefore, it is necessary for a new model to analyze 

this problem. 

 

2.2. Related work about Dyadic Green's Functions. 

 

Dyadic Green’s functions have long proved to be a valuable tool in the representation of 

electromagnetic fields. Since its introduction by Hansen, the dyadic Green’s function (DGF) 

has been widely used to investigate the electromagnetic waves. The compact formulations and 

solutions of some electromagnetic problems make their use extremely attractive. In the 

following section, some work will be presented over several years, explicating the various 

applicability of DGF in the area of electromagnetic propagation. 

 

Electric Dyadic Green’s Functions in the Source Region (ARTHUR D. YAGHJIAN – 

1980) 

 

In this study [37], a simple approach was used to rigorously derive a generalized electric 

dyadic Green’s function that exclusively defines uniquely the electric field inside as well as 

outside the source region. The electric dyadic Green’s function, unlike the magnetic Green’s 

function and the impulse functions of linear circuit theory, requires the specification of two 

dyadics: the conventional dyadic �̿�𝑒 outside its singularity and a source dyadic �̿� which is 

determined solely from the geometry of the “principal volume” chosen to exclude the 

singularity of �̿�𝑒. Discrepancies at the source point among electric dyadic Green’s functions 

derived by a number of authors are shown to be explainable and reconcilable merely through 

the proper choice of the principal volume.  

 

Analysis of electromagnetic wave propagation in multilayered media using dyadic 

Green's function (G. P. S. CAVALCANTE – 1982) 

 

In this study [21], the propagation of electromagnetic waves in media with several 

horizontal layers was analyzed, specifically for a medium with two, three and four layers. The 

electric fields obtained from the dyadic Green's functions outside the source region for media 

with two or three layers were identical with those obtained using Hertz potential. One of the 

main results obtained in this study is the generalization of dyadic Green functions to solve the 

problem of media with N horizontal layers that was the basis for many other works [22], [38]–

[42].  
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Optimization of Radio Communication in Media with Three Layers (G. P. S. 

CAVALCANTE – 1983) 

 

In this work [43], a method using dyadic Green’s functions for the solution of the 

electromagnetic wave propagation in layered media was developed by the author. The field for 

the distant zone for this problem was determined mainly from the lateral wave. The electric 

fields were obtained considering that the media were isotropic and homogeneous and that the 

optimization of the lateral wave depends only on the properties of the region near the source. 

The radio losses for typical forests were calculated for vertical and horizontal dipoles.  

 

Physically Interpretable Alternative to Green’s Dyadics, Resulting Representation 

Theorems, and Integral Equations (MAURICE I. SANCER – 1990) 

 

In this paper [44], the author reports that a major use of Green’s dyadics is to derive 

representation theorems and integral equations. This work presents an alternative to the concept 

and use of Green’s dyadics. The major difference between this concept presented here and the 

corresponding material usually presented with Green’s dyadics, stems from the use of a dipole 

source term instead of a unit dyadic source. These equations are simpler than those involving 

Green’s dyadics, and they contain physically interpretable fields and surface currents in place 

of the dyadics. For a low-frequency application of the representation theorems presented in this 

work, the induced electric surface current density could be computed using numerical methods.  

For a high-frequency application of the representation theorems, one could draw upon 

established approximations for the induced electric surface current density. 

 

Input Impedance of a Probe-Excited Semi-Infinite Rectangular Waveguide with 

Arbitrary Multilayered Loads: Part I – Dyadic Green’s Functions (LE-WEI LI – 1995) 

 

The electric and the magnetic types of dyadic Green’s functions were derived in this paper 

[45]. Applying the principle of scattering superposition, the dyadic Green’s functions in each 

of the multiple loads were constructed in general for such EM current sources located in an 

arbitrary layer of the waveguide. Analytical expressions of the scattering dyadic Green’s 

functions’ coefficients were obtained in terms of transmission matrices. The electric and 

magnetic types of dyadic Green’s functions for a rectangular waveguide with multiple loads 

had been analytically formulated from the corresponding boundary conditions for the general 

case. A full-wave numerical analysis of input impedance of a probe-excited semi-infinite 

rectangular waveguide was carried out in Part II [46] of this paper.  
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Electromagnetic Dyadic Green’s Function in Cylindrically Multilayered Media 

(ZHONGGUI XIANG and YILONG LU – 1996) 

 

In this study [47], a rigorous formulation of dyadic Green’s function for the problem of 

electromagnetic radiation from a point source of excitation embedded in an arbitrary layer of 

the circular cylindrically multilayered media was presented in terms of matrices of the 

cylindrical vector wave function.  Some useful concepts such as the effective plane wave 

reflection and transmission coefficients were extended in the spectral domain eigenfunction 

expansion. The recursive matrices of coupling coefficients for the scattering dyadic Green’s 

functions were derived by applying the principle of scattering superposition. Two-layered and 

three-layered media were considered in this paper. The expression obtained is general and can 

be applied to problems with any number of cylindrically multilayered lossless or lossy media.   

 

Cylindrical Vector Eigenfunction Expansion of Green Dyadics for Multilayered 

Anisotropic Media and Its Application to Four-Layered Forest (LE-WEI LI et. Al – 2004) 

 

A complete eigenfunction expansion of the dyadic Green’s functions (DGFs) for planar, 

arbitrary multilayered anisotropic media using cylindrical vector wave functions are realized in 

this work [42]. These formulations are constructed based on the principle of scattering 

superposition. The formulation was realized coupling between TE and TM modes in the form 

of the DGFs for an unbounded anisotropic medium as well as a stratified anisotropic medium. 

The formulations were verified by comparing with the existing results corresponding to 

isotropic medium which have been well-documented elsewhere. An application of DGFs for 

such a four-layered anisotropic medium to radio-wave propagation through forest environments 

was presented. 

 

Complex Permittivity Determination of Dielectric Materials by Waveguide 

Measurements: A Robust Approach Based on Integral Equations (EMRE KILIÇ, ALI 

YAPAR, and FUNDA AKLEMAN – 2011)  

 

In this paper [48], the author states that a robust approach for the determination of 

frequency dependent complex dielectric permittivity of materials by waveguide measurements 

is presented. The method is based on a nonlinear system of integral equations related to a loaded 

rectangular waveguide which is solved by the classical iterative Newton method. The method 

was tested against both simulation and experimentally measured data and shown that it is 

effective for dielectrics of arbitrary shape. Some advantages of the proposed method are: the 

method was investigated in a 3-D formulation and has no limitations on the geometry of the 
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samples, and the method can tolerate the measurement errors or uncertainties on geometrical 

dimensions. Therefore, it is very robust compared to the classical approaches.  

 

Green’s Dyadics for a Bounded Lossy Medium (YEQIN HUANG et. Al - 2013) 

 

In this paper [49], a dyadic Green’s function for an arbitrary molded lossy dielectric object 

is presented. It is derived from integral surface equations. The application of the Dyadic Green’s 

function presented allows a detailed study of the radiation pattern and loss of power of an 

antenna in the presence of a lossy medium. Numerical calculations are implemented for a dipole 

in the vicinity of a lossy dielectric sphere, the radiation pattern and the loss of power as a 

function of the loss tangent are also presented. 

 

Dyadic Green’s Functions for Dipole Excitation of Homogenized Metasurfaces (FENG 

LIANG, GEORGE W. HANSON et. Al – 2016) 
 

In this recent work [50] the Dyadic Green's homogenized function is presented for a 

source point near a meta-surface (single layer structures of meta-material electrically thin, 

which have attracted increasing interest in recent years among researchers studying 

microwaves, terahertz and optical) using the dyadic approach of susceptibility and surface 

impedance. Both methods result in non-local anisotropic sheet transition conditions and lead to 

the function of Green in quasi-analytical form (Sommerfeld integral). This provides the 

physical perception of wave dynamics, for example by identifying the propagation of the 

surface wave and allowing the field to be decomposed in terms of discrete and continuous 

spectra. 

 

A Multilevel Green’s Function Interpolation Method for the Analysis of Microstrip 

Antenna Arrays (PENG ZHAO and GAOFENG WANG – 2016) 

 

In this work [51], a new multilevel Green's function interpolation method (MLGFIM) is 

presented for the analysis of microstrip antenna arrays. The Dyadic Green function for a layered 

medium is used in this method to reduce the number of unknowns efficiently. The interpolation 

of this type of Green function is implemented by radial basis functions (RBFs). Interpolation 

accuracies using Lagrange and RBF interpolations are compared. A numerical example of a 30 

x 30 microstrip antenna array is used to validate the accuracy and efficiency of the proposed 

method. 
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Efficient and accurate computation of electric field dyadic Green’s function in layered 

media (MIN HYUNG CHO and WEI CAI – 2017) 

 

Concise and explicit formulas for the Dyadic Green's functions, which represent the 

electric and magnetic fields due to a dipole source placed in a layered medium, are derived in 

this article [52]. The electric and magnetic fields in the spectral domain for the half-space are 

expressed using Fresnel reflection and transmission coefficients. Each component of the electric 

field in the spectral domain constitutes the spectral Green's function in layered media. The 

Green's function in the spatial domain is reestablished involving Sommerfeld integrals for each 

component in the spectral domain. By using the Bessel identities, the number of Sommerfeld 

integrals is reduced, resulting in much simpler and more efficient formulas for numerical 

implementation. The author uses this approach to develop the Green function of two and three 

layers. Numerical results are included to show the efficiency and accuracy of the derivative 

formulas. In addition, electric field propagation simulations are performed for two- and three-

layered structures. 

 

2.3. Final Considerations 

 

As shown above, the Dyadic Green's Functions present well-founded mathematical and 

physical equations and formulations. In addition to its theoretical rigor in the calculations 

developed over the years, numerous studies show its applicability in several studies on 

electromagnetism. Although there are works with multilayer structures, there is no work that 

deals with mixed paths considering propagation in vertical and horizontal layers. 

Throughout this chapter, some relevant work on mixed paths and about Dyadic Green's 

function was shown. In addition, the works existing on the themes, from the oldest to the most 

current, were presented. It is observed that, to date, there is no study of electromagnetic 

propagation in mixed paths in land-river environments using Dyadic Green's functions.  

In the following chapter, the basis of Dyadic Green's functions for the electric field 

formulation will be present. This basis will be necessary for the formulation of the model using 

DGF for mixed paths that will be presented later. 
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3. Theoretical Basis for formulation of electric field using 
Dyadic Green's Functions 

 

3.1. Introduction 

 

The use of the Dyadic Green's functions for the electric field formulation allows the 

solution of some electromagnetic problems to be performed in a more compact way. The 

following is an explanation for the determination of electromagnetic fields using these 

functions. The concepts presented in this chapter will be used for the electric field model for 

mixed paths performed later. Such a theoretical explanation can be seen in detail in [53]. 

Considering an 𝑁-layer structure, shown in Fig. 3.1, with the current source located at the 

position (0, 0, 𝑧′) of a cylindrical coordinate system in the region (0). Regions l and i are located 

above and below the region (0), respectively. 

 

Fig. 3.1. Geometric configuration of an N-layer structure. 

 

Source: produced by the author. 

 

For convenience, the wave constants used in the following formulations will be given by 

𝑘 = 𝜔 √𝜇0 휀 (1 + 𝑗 
𝜎

𝜔휀
) (3.1) 
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where 

𝜔 is the angular frequency.  

𝜇0 is the magnetic permeability. 

휀 It is the relative permittivity of the medium. 

𝜎 is the conductivity of the medium. 

The current source and all the associated electromagnetic fields are considered to have a 

time variation 𝑒−𝑗𝜔𝑡, which will be implied in this work. 

The wave equation for the electric field, in a given region or 𝒑 layer, with source located 

at 𝒇 (𝑝, 𝑓 =  −𝑖, . . . , −1, 0, 1, . . . , 𝑙), is given by   

∇ × ∇ × �̅�𝑝 − 𝑘𝑝
2�̅�𝑝 = 𝑗𝜔𝜇𝑓𝐽�̅�𝛿𝑝

𝑓
 (3.2) 

where 

�̅�𝑝 is the electric field at 𝑝 layer. 

𝑘𝑝 is the wave constant in the 𝑝 layer. 

𝜇𝑓 is the magnetic permeability of the medium where is the source. 

𝐽�̅� is the electric current density of the source. 

𝛿𝑝
𝑓
 is the Kronecker’s delta (𝛿𝑝

𝑓
= 1 if 𝑓 = 𝑝 and 𝛿𝑝

𝑓
= 0 if 𝑓 ≠ 𝑝 ). 

The Dyadic Green's functions of electric and magnetic types at a point of observation �̅�, 

in a layer 𝑝, due to a source located in 𝑅′̅, in the layer 𝑓, are expressed as �̿�𝑒
(𝑝 𝑓)

(�̅�/𝑅′̅) and 

�̿�𝑚
(𝑝 𝑓)

 (�̅�/𝑅′̅), respectively, and are related by equations 

∇ × �̿�𝑒
(𝑝 𝑓)

= �̿�𝑚
(𝑝 𝑓)

 (3.3) 

∇ × �̿�𝑚
(𝑝 𝑓)

=  𝐼 ̿𝛿(�̅�/𝑅′̅)  + 𝑘2�̿�𝑒
(𝑝 𝑓)

 (3.4) 

By eliminating �̿�𝑒
(𝑝 𝑓)

 or �̿�𝑚
(𝑝 𝑓)

 in (3.3) or (3.4), the wave equations are obtained 

∇ × ∇ × �̿�𝑒
(𝑝 𝑓)

(�̅�/𝑅′̅)  −  𝑘2�̿�𝑒
(𝑝 𝑓)

(�̅�/𝑅′̅)  =  𝐼�̿�(�̅�/𝑅′̅) (3.5) 

∇ × ∇ × �̿�𝑚
(𝑝 𝑓)

(�̅�/𝑅′̅) −  𝑘2�̿�𝑚
(𝑝 𝑓)

(�̅�/𝑅′̅)  =  ∇ × [ 𝐼�̿�(�̅�/𝑅′̅̅ ̅)] (3.6) 

The Dyadic Green's functions are classified according to the boundary conditions to be 

satisfied in the media interfaces. The first species functions satisfy the boundary conditions of 

Dirichlet 

�̂� × �̿�𝑒
(𝑝 𝑓)

= 0 (3.7) 

�̂� × �̿�𝑚
(𝑝 𝑓)

= 0 (3.8) 

The functions of the second species satisfy the boundary conditions of Neumann 

�̂� × ∇ × �̿�𝑒
(𝑝 𝑓)

= 0 (3.9) 
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�̂� × ∇ × �̿�𝑚
(𝑝 𝑓)

= 0 (3.10) 

The third species functions satisfy the mixed boundary conditions given by 

�̂� × �̿�𝑒
(𝑝 𝑓)

(�̅�/𝑅′̅) =   �̂� × �̿�𝑒
(𝑝+1 𝑓)

(�̅�/𝑅′̅) (3.11) 

∇ × �̂� × �̿�𝑚
(𝑝 𝑓)

(�̅�/𝑅′̅) =  ∇ × �̂� × �̿�𝑚
(𝑝+1 𝑓)

(�̅�/𝑅′̅) (3.12) 

where �̂� is a vector normal to the surface in equations (3.7) to (3.12). 

In addition to these boundary conditions, the electrical or magnetic functions for the 

dyadic Green functions must satisfy the Sommerfeld radiation condition at infinity, given below 

lim
𝑅→∞

𝑅[∇ × �̿� − 𝑗𝑘�̅� × �̿�] = 0 (3.13) 

Using the Green's vector theorem and some operations, it can be shown (see [20]) that the 

electromagnetic fields are expressed by 

�̅�𝑝(�̅�) = 𝑗𝜔𝜇𝑝 ∭ �̿�𝑒
(𝑝 𝑓)

(�̅�/𝑅′̅) ∙  𝐽�̅�(𝑅′̅̅ ̅)𝑑𝑣′ (3.14) 

�̅�𝑝(�̅�) = 𝑗𝜔𝜖𝑝 ∭ �̿�𝑚
(𝑝 𝑓)

(�̅�/𝑅′̅) ∙  𝐽�̅�(𝑅′̅̅ ̅)𝑑𝑣′ (3.15) 

where v’ is the volume of the sources on which the integration is performed.  

The Dyadic Green's functions for the N-layer problem will be presented in their general 

forms in section 3.5. 

 

3.2. Expansion of Dyadic Green’s Functions in Eigenfunctions 

 

Equations (3.14) and (3.15) show that electromagnetic fields, due to an arbitrary current 

source, are determined from the knowledge of the associated Dyadic Green's function. 

Therefore, it is necessary to know the solutions of the differential equations for the Green's 

functions given by (3.5) and (3.6). 

The vector and scalar functions �̅� and 𝜓, respectively, are considered as solutions of  

∇2�̅� + 𝑘2�̅� = 0 (3.16a) 

∇2𝜓 + 𝑘2𝜓 = 0 (3.16b) 

Three independent functions wave vector can be constructed for the solution of equation 

(3.16a), using as the generating function the characteristic function 𝜓, solution of (3.16b). 

These functions are 

�̅� = ∇𝜓 (3.17a) 

�̅� = ∇ × (�̅�𝜓) (3.17b) 
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�̅� =
1

𝑘
∇ × ∇ × (�̅�𝜓) (3.17c) 

where 𝑘 is the propagation constant introduced in the construction of �̅� to give symmetry with 

�̅� and, �̅� is an arbitrary but constant vector. 

Considering the orthogonality properties of vector functions, �̅�, �̅� and �̅�, a linear 

combination of these functions, with coefficients to be determined, is used as solution of (3.5) 

or (3.6). 

The Ohm-Rayleigh method suggests expanding 𝐼�̿� (�̅�/𝑅′̅), in terms of the eigenfunctions 

of a homogeneous equation of the same type as (3.5) or (3.6). The eigenfunctions, in this case, 

are the vector functions �̅�, �̅� and �̅�, solutions of (3.16a). Once known the expansion in 

eigenfunctions of the dyadic delta function, the representation of the Green's function dyadic 

can be found. 

According to Morse and Feshbach [54] the expansion of the dyadic delta function is given 

by 

𝐼�̿� (�̅� − 𝑅′̅̅ ̅) = �̿�𝐼(�̅� − 𝑅′̅̅ ̅) + �̿�𝑆(�̅� − 𝑅′̅̅ ̅) (3.18) 

where 

�̿�𝐼(�̅� − 𝑅′̅̅ ̅) = ∑
�̅�𝑚(�̅�)�̅�𝑚

∗ (𝑅′̅)

𝐴𝑚
𝑚

 (3.19) 

�̿�𝑆(�̅� − 𝑅′̅̅ ̅) = ∑ [
�̅�𝑚(�̅�)�̅�𝑚

∗ (𝑅′̅̅ ̅)

𝐴′𝑚
+

�̅�𝑚(�̅�)�̅�𝑚
∗ (�̅�)

𝐴′′𝑚
]

𝑚

 (3.20) 

𝐴′𝑚 and 𝐴′′𝑚 are the normalization constants. The above sum may be a discrete or continuous 

set of “m”. �̿�𝐼(�̅� − 𝑅′̅̅ ̅) represents the irrotational component and �̿�𝑆(�̅� − 𝑅′̅̅ ̅) the solenoidal 

component of the dyadic delta function. By spectral theory, the Dyadic Green’s function will 

be given by 

�̿�(�̅�/𝑅′̅) =  
−�̿�𝐼(�̅� − 𝑅′̅̅ ̅)

𝑘2
+ ∑ [

�̅�𝑚(�̅�)�̅�𝑚
∗ (𝑅′̅̅ ̅)

𝐴′𝑚
+

�̅�𝑚(�̅�)�̅�𝑚
∗ (�̅�)

𝐴′′𝑚
]

𝑚

1

𝑘𝑚
2 − 𝑘2

 (3.21) 

which is solution of (3.5) or (3.6), subject to the boundary and radiation conditions. 

 

3.3. Cylindrical Waves  

 

Given the symmetry of the proposed problems, the cylindrical vector wave functions can 

be used in the expansion of the Dyadic Green’s functions given by (3.21). 

The characteristic function 𝜓, solution of (4.16b), can be placed in the form [55] 
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𝜓 = 𝑓(𝑟, 𝜙)𝑒±𝑗ℎ𝑧 (3.22) 

where 𝑓(𝑟, 𝜙) is a solution of   

1

𝑟

𝜕

𝜕𝑓
(𝑟

𝜕𝑓

𝜕𝑟
) +

1

𝑟2

𝜕2𝑓

𝜕𝜙2
+ (𝑘2 − ℎ2)𝑓 = 0 (3.23) 

that by separating variables 

𝑓 = 𝑓1(𝑟)𝑓2(𝜙) (3.24) 

where 𝑓1(𝑟) and 𝑓2(𝜙) are solutions of the equations 

𝑟
𝑑

𝑑𝑟
(𝑟

𝑑𝑓1

𝑑𝑟
) + [(𝑘2 − ℎ2)𝑟2 − 𝑞2]𝑓1 = 0 (3.25a) 

𝑑2𝑓2

𝑑𝜙2
+ 𝑞2𝑓2 = 0 (3.25b) 

The parameters 𝑞 and ℎ are the separation constants. A solution of (3.25a) will be  

𝑓1 = 𝑍𝑞 (√𝑘2 − ℎ2 𝑟) (3.26) 

called a Bessel function or cylindrical circular function of order q and argument (√𝑘2 − ℎ2 𝑟). 

A solution of (3.25b) is  

𝑓2 = 𝑒𝑗𝑛𝜙 (3.27) 

Therefore, 𝜓 can be constructed from elementary waves, in the form 

𝜓𝑛 = 𝑒𝑗𝑛𝜙𝑍𝑞 (√𝑘2 − ℎ2 𝑟) 𝑒±𝑗ℎ𝑧 (3.28) 

the propagation constant ℎ, in general is complex, which leads to the fields not necessarily being 

periodic in 𝑧. 

Equation (3.28) can be constructed in terms of Bessel functions of the first species, called 

𝜓𝑛
(1)

, formed by 𝐽𝑛, and 𝜓𝑛
(2)

 or 𝜓𝑛
(3)

 formed by 𝑁𝑛 or 𝐻𝑛
(1)

, respectively. Due to certain 

disadvantages in the use of complex angular functions of the type 𝑒𝑗𝑛𝜙, the treatment will be 

done using real functions of type cos 𝑛𝜙 and 𝑠𝑖𝑛 𝑛𝜙, called even (𝑒) and odd (𝑜), respectively. 

Thus, 

𝜓
𝑛𝜆𝑜

𝑒
(1)

= ( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )𝐽𝑛(𝜆𝑟)𝑒𝑗ℎ𝑧 (3.29) 

𝜓
𝑛𝜆𝑜

𝑒
(2)

= ( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )𝑁𝑛(𝜆𝑟)𝑒𝑗ℎ𝑧 (3.30) 

𝜓
𝑛𝜆𝑜

𝑒
(3)

= ( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )𝐻𝑛

(1)
(𝜆𝑟)𝑒𝑗ℎ𝑧 (3.31) 

where 𝜆 = √𝑘2 − ℎ2. 

Remembering that: 

�̅� = ∇𝜓, �̅� = ∇ × (�̅�𝜓) and �̅� =
1

𝑘
∇ × �̅� 
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It is obtained 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) = [

𝜕

𝜕𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� ±
𝑛

𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� + 𝑗ℎ𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 (3.32) 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) = [±

𝑛

𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂� −
𝜕

𝜕𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 (3.33) 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) =

1

𝑘
[𝑗ℎ

𝜕

𝜕𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� ± 𝑗ℎ
𝑛

𝑟
𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂�

+ 𝜆2𝐽𝑛(𝜆𝑟)( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 

(3.34) 

that take into (3.21) form the dyadic Green's functions, which will be considered in various 

structures, in order to determine the electromagnetic fields. 

 

 

3.4. Dyadic Green's functions for Free Space 

 

The Dyadic Green's function of the electric type, �̿�𝑒𝑜 (�̅�/𝑅′̅), satisfying (3.5) and the 

Sommerfeld radiation conditions, will be used to construct the Dyadic Green's functions for the 

problem of multiple dielectric layers. Using the scattering superposition method, the DGF of 

the electric type, �̿�𝑒
(𝑝 𝑓)

 (�̅�/𝑅′̅), in a given “𝒑” layer, with the current source located in layer 

“𝒇”, can be found through the following equation: 

�̿�𝑒
(𝑝 𝑓)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑝
𝑓

+ �̿�𝑒
(𝑝 𝑓)𝑆

(�̅�/𝑅′̅) (3.35) 

where, �̿�𝑒
(𝑝 𝑓)𝑆

(�̅�/𝑅′̅) is the scattered Dyadic Green’s function and 𝛿𝑝
𝑓
 is the Kronecker delta. 

The dyadic �̿�𝑒0 (�̅�/𝑅′̅̅ ̅) can be expressed in the form of expansion in eigenfunctions only 

in two variables and in closed form in the third variable [56]. 

In this case, �̿�𝑒𝑜 (�̅�/𝑅′̅̅ ̅) is given by 

�̿�𝑒0 (�̅�/𝑅′̅̅ ̅) = −
�̂��̂�𝛿(�̅� − 𝑅′̅̅ ̅)

𝑘0
2 +

𝑗

4𝜋
∫

𝑑𝜆

ℎ𝜆

∞

0

∑(2 − 𝛿0)

∞

𝑛=0

 

{
�̅� 𝑛𝜆𝑜

𝑒 (ℎ)𝑀′̅̅̅̅
𝑛𝜆𝑜

𝑒 (−ℎ) + �̅� 𝑛𝜆𝑜
𝑒 (ℎ)𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (−ℎ)

�̅� 𝑛𝜆𝑜
𝑒 (−ℎ)𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (ℎ) + �̅� 𝑛𝜆𝑜

𝑒 (−ℎ)𝑁′̅̅ ̅
𝑛𝜆𝑜

𝑒 (ℎ)
}

, 𝑧 ≥ 𝑧′

, 𝑧 ≤ 𝑧′
 

(3.36) 

where 𝛿0 is the Kronecker delta (𝛿0 = 1 for 𝑛 = 0 and 𝛿0 = 0 for 𝑛 ≠ 0) and the functions �̅� 

and �̅� are given by (3.33) and (3.34). The prime in the functions  𝑀′̅̅̅̅  and 𝑁′̅̅ ̅ is used to indicate 

that they are expressed in terms of the coordinates (𝑟′, 𝜙′, 𝑧′) and ℎ = √𝑘2 − 𝜆2. 
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The main interest of this work is to develop a formulation for the prediction of electric 

fields for digital TV outside the source region, so �̿�𝑒0(�̅�/𝑅′̅) will be given only by the second 

term on the right side of the equation (3.36). 

 

 

3.5. Dyadic Green's Function for N-Layers Media 

 

The Dyadic Green's functions for an N-layers geometry, as shown in Fig. 3.1, is given in 

[57]. Thus, the scattered Dyadic Green's Functions are given, in their compact form, by 

�̿�𝑒
(𝑝 𝑓)𝑆

(�̅�/𝑅′̅̅ ̅) =
𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ𝑓

∞

0

∑(2 − 𝛿0){(1 − 𝛿𝑝
𝑖 )�̅�(ℎ𝑝)

∞

𝑛=0

[(1 − 𝛿𝑓
𝑙)𝑎𝑀′̅̅̅̅ (−ℎ𝑓) 

                           + (1 − 𝛿𝑓
𝑖)𝑏𝑀′̅̅̅̅ (ℎ𝑓)]  

+ (1 − 𝛿𝑝
𝑖 )�̅�(ℎ𝑝)[(1 − 𝛿𝑓

𝑙)𝑐𝑁′̅̅ ̅(−ℎ𝑓) + (1 − 𝛿𝑓
𝑖)𝑑𝑁′̅̅ ̅(ℎ𝑓)]

+ (1 − 𝛿𝑝
𝑙 )�̅�(−ℎ𝑝)[(1 − 𝛿𝑓

𝑙)𝑒𝑀′̅̅̅̅ (−ℎ𝑓) + (1 − 𝛿𝑓
𝑖)f 𝑀′̅̅̅̅ (ℎ𝑓)]

+ (1 − 𝛿𝑝
𝑙 )�̅�(−ℎ𝑝)[(1 − 𝛿𝑓

𝑙)𝑔𝑁′̅̅ ̅(−ℎ𝑓) + (1 − 𝛿𝑓
𝑖)𝑢𝑁′̅̅ ̅(ℎ𝑓)]} 

(3.37) 

where the coefficients 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, f, 𝑔 and 𝑢 can be obtained by the boundary conditions given 

by (4.9) to (4.12) with ℎ𝑓 = √𝑘𝑓
2 − 𝜆2 and ℎ𝑝 = √𝑘𝑝

2 − 𝜆2. For simplicity the subscripts of the 

functions �̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) were omitted. 

 

3.6. Boundary conditions for N-layers Medium 

 

The boundary conditions for an N-layers medium can be summarized by 

�̂� × �̿�𝑒
(𝑝 𝑓)

= �̂� × �̿�𝑒
(𝑝+1 𝑓)

 (3.38a) 

�̂� × ∇ × �̿�𝑒
(𝑝 𝑓)

= �̂� × ∇ × �̿�𝑒
(𝑝+1 𝑓)

 (3.38b) 

where 𝒑 is any layer and 𝒇 the layer where is located the current source. 

 

3.7. Final Considerations 

 

The Dyadic Green's functions for the proposed problem will be used to calculate the 

electric field in mixed paths. In [57] the explanation and the complete development of the 

calculation of the electric field produced by an electric dipole for a medium of two and three 
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layers are performed. This procedure can be used for the development of Dyadic Green 

functions for N-layer media. In the following chapter, the model for the electric field calculation 

in mixed paths using the functions of Dyadic Green will be performed. 
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4. Dyadic Green's Functions for the Calculation of the 
Electric Field in Mixed Paths 

 
4.1. Introduction  

 

This chapter will show the calculations for the electric field formulation for mixed paths 

using Dyadic Green's Functions. The Dyadic Green's Functions (DGF) described by [20] and 

[47] are an efficient numerical method. Radio propagation using DGF for a complex scenario 

can be performed on a common computer in a few minutes or seconds. There are numerous 

works [18], [47], [58] in the literature that consider several types of media. However, there is 

no use of DGF in the mixed path for UHF considering propagation in vertical and horizontal 

layers. This is a new approach used in this study, in which vertical propagation is considered in 

obtaining new equations to electric DGF, boundary conditions and independent vector wave 

functions, all considering vertical scattering, an approach not used previously in [18], [20], [39], 

[47], [58]. Using DGF, the propagation model performed in this thesis represents the electric 

field for mixed paths considering the order of all paths and their transitions. The DGF allows 

using any number of horizontal and vertical layers to model different mixed paths. The use of 

DGF to obtain an electric field for a mixed path is different from earlier models such as Norton 

that use Millington’s curve fitting [5]. For example, in the Millington’s curve fitting, it is 

necessary to calculate direct and reverse electric fields, for each path of the mixed path, 

representing more calculations and more computational effort.  

After explaining the proposed formulation, the electric field calculations will be presented 

considering a city-river mixed path. The electric field will be calculated for a receiver located 

in the city and over the river. This is the considered scenario due to data of the electric field of 

a digital TV station obtained through measurements made in the city of Belém and over Guajará 

Bay. Such data will be used to present the results. In the following chapter, the measurement 

campaign will be explained. 

4.2. Electrical Dyadic Green's Function  

 

Using the Green's vector theorem and some operations, it has been shown that the electric 

field is expressed by (3.14), repeated here by   

�̅�(�̅�) = 𝑗𝜔𝜇𝑓 ∭ �̿�𝑒
(𝑟 𝑡)

(�̅�/𝑅′̅) ∙  𝐽�̅�(𝑅′̅̅ ̅)𝑑𝑣′ (4.1) 

                                                          𝑣′ 



25 

 

where 𝑣′ is the volume containing all sources in which integration is performed.  

As shown in the previous chapter, by performing the expansion of the Dyadic Green 

Functions, the following eigenfunctions (3.32), (3.33) and (3.34) are found. 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) = [

𝜕

𝜕𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� ±
𝑛

𝑟
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� + 𝑗ℎ𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 (4.2) 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) = [±

𝑛

𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂� −
𝜕

𝜕𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 (4.3) 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) =

1

𝑘
[𝑗ℎ

𝜕

𝜕𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� ± 𝑗ℎ
𝑛

𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂� + 𝜆2𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑧 (4.4) 

which, used in (4.1), form the Dyadic Green's Functions, which will be considered next, for the 

determination of the electromagnetic fields. 

The electric field for a mixed path is formulated considering a scenario that is shown in 

Fig. 4.1. It will be done using the notation “𝑝, 𝑞”  (remembering the notation used in matrices), 

both for 𝑡 and 𝑟. This will be important to avoid a confusing and complex notation for the 

equations. 

 

Fig. 4.1. Schematic of the mixed path used in formulation. 

 

Source: produced by the author. 

 

There is stratification in 𝑝 and 𝑞 layers in Fig. 4.1. The horizontal layers (𝑝) are 

represented by the dashed brown lines and the vertical layers (𝑞) by the black lines (except for 

the 𝑥𝑦𝑧 cartesian axis). Thus, each position 𝑖, 𝑗 (𝑖 = 1, 2, 3 and 𝑗 = 1, 2, … , 𝑞) in Fig. 1 is 

considered a medium with electrical characteristics. The environment considered in this study 

case has soil (𝑝 = 1), an intermediate medium that can be city or forest (𝑝 = 2) and air           

(𝑝 = 3), for example. The distance between the horizontal layers 2 and 3 will be represented 

by 𝐻𝑧1 and the distance between the vertical layers will be represented by                                          
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𝐻𝑦𝑙 (𝑙 = 1, 2, 3, … , 𝑞 − 2). The source Tx represents a dipole (vertical, horizontal or a 

composition of both) and is located on the 𝑧 coordinate of the 𝑥𝑦𝑧 cartesian axis. The point 𝑅𝑥 

represents the point where the electric field is calculated and can be anywhere in the structure.  

Using the scattering superposition method, the DGF of the electric type, �̿�𝑒
(𝑟 𝑡)

 (�̅�/𝑅′̅), in 

a position for receiver “𝑟 = (𝑝𝑟, 𝑞𝑟)”, with current source located in the transmitter position 

“𝑡 = (𝑝𝑡, 𝑞𝑡)”, is found by the following equation: 

�̿�𝑒
(𝑟 𝑡)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑡
𝑟 + �̿�𝑒𝑠𝒉

(𝑟 𝑡)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(𝑟 𝑡)
(�̅�/𝑅′̅) (4.5) 

�̅� is the observation point due to a source located at 𝑅′̅. In (1), �̿�𝑒0 is the dyadic Green’s function 

for the direct field, 𝛿𝑡
𝑟 is the Kronecker delta, �̿�𝑒𝑠𝒉

(𝑟 𝑡)
 is the dyadic Green’s function considering 

the horizontal scattering and �̿�𝑒𝑠𝒗

(𝑟 𝑡)
 is the dyadic Green’s function considering the vertical 

scattering. The notations 𝑝𝑟 and 𝑝𝑡 are the position in the horizontal layer for receiver and 

transmitter respectively, for the vertical layer the position of the receiver is 𝑞𝑟  and 𝑞𝑡 for the 

transmitter. Thus, the position “𝑟 = 𝑝𝑟 , 𝑞𝑟” of the receiver refers to any position                     

𝑖, 𝑗 (𝑖 = 1, 2, 3 and 𝑗 = 1, 2, … , 𝑞), i.e., the receiver can be in any "block" shown in Fig. 1. The 

position “𝑡 = (𝑝𝑡, 𝑞𝑡)” of the transmitter refers to the positions 𝑖, 𝑗 (𝑖 = 1, 2, 3 and 𝑗 = 1, 2) on 

the 𝑧 coordinate shown in Fig. 1. It is important to emphasize the correct value of “𝑟 = (𝑝𝑟 , 𝑞𝑟)” 

and “𝑡 = (𝑝𝑡, 𝑞𝑡)” because they are important in determining the value of the Kronecker delta 

𝛿𝑡
𝑟 in the equation (4.5). 

Equation (4.5) is similar to that used in classical theory but contemplates the characteristic 

of considering vertical and horizontal scattering (previously it was considered just one). If the 

transmitter and receiver are in the same layer ("same block" in Fig. 4.1), it is necessary to 

consider the direct electric field that exists, such fact is verified with the use of �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑡
𝑟, 

and it is not necessary to have this expression for the Vertical and Horizontal layers, because it 

would be calculated twice.  

If the transmitter and receiver are in the same layer, the direct electric field is considered 

with the use of �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑡
𝑟. The dyadic �̿�𝑒0 (�̅�/𝑅′̅̅ ̅) is expressed in eigenfunction expansion 

given by 

�̿�𝑒0 (�̅�/𝑅′̅̅ ̅) = −
�̂��̂�𝛿(�̅� − 𝑅′̅̅ ̅)

𝑘𝑝𝑡
2

+
𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ𝑝𝑡

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {
�̅� 𝑛𝜆𝑜

𝑒 (ℎ𝑝𝑡
)𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

) + �̅� 𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)𝑁′̅̅ ̅
𝑛𝜆𝑜

𝑒 (−ℎ𝑝𝑡
)

�̅� 𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

)𝑀′̅̅̅̅
𝑛𝜆𝑜

𝑒 (ℎ𝑝𝑡
) + �̅� 𝑛𝜆𝑜

𝑒 (−ℎ𝑝𝑡
)𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)

, 𝑧 ≥ 𝑧′

, 𝑧 ≤ 𝑧′
 

(4.6) 
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where 𝛿𝑛
0 is the Kronecker delta (𝛿𝑛

0 = 1 for 𝑛 = 0 and 𝛿𝑛
0 = 0 for 𝑛 ≠ 0) and the functions �̅� 

and �̅� are given by (4.3) and (4.4). The prime in the functions 𝑀′̅̅̅̅  and 𝑁′̅̅ ̅ is used to indicate that 

they are expressed in terms of the coordinates (𝜌′, 𝜙′, 𝑧′), considering ℎ𝑝𝑡
= (𝑘𝑝𝑡

2 − 𝜆2)1/2. 

The idea for equation (5) is quite simple: to use the formulation produced for �̿�𝑒𝑠𝒉

(𝑟 𝑡)
  in 

the equation �̿�𝑒𝑠𝒗

(𝑟 𝑡)
. To accomplish this, one must be careful to change some equations and 

consider the boundary conditions correctly. This is because the theory and resulting equations 

are known for (dyadic scattered to horizontal layers) are performed considering the �̂�-axis. For 

the calculation of �̿�𝑒𝑠𝒗

(𝑟 𝑡)
  (dyadic scattered for vertical layers) will be considered the �̂�-axis. For 

a better understanding of the idea, the calculations for �̿�𝑒𝑠𝒉

(𝑟 𝑡)
 and �̿�𝑒𝑠𝒗

(𝑟 𝑡)
 are shown below. 

 

4.3. Dyadic Green’s function �̿�𝒆𝒔𝒉

(𝒓 𝒕)
 for p Horizontal Media Layers 

 

Considering �̿�𝑒𝑠𝒉

(𝑟 𝑡)
 the calculations are known. The dyadic Green functions for a geometry 

of 𝑝 horizontal layers are given, in their compact form, by 

�̿�𝑒𝑠𝒉

(𝑟 𝑡)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ𝑝𝑡

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {(1 − 𝛿𝑝𝑟
1 )�̅� 𝑛𝜆𝑜

𝑒 (ℎ𝑝𝑟
)[(1 − 𝛿𝑝𝑡

𝑝
)𝐴𝑀𝑧𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

) + (1 − 𝛿𝑝𝑡
1 )𝐵𝑀𝑧𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)] 

+ (1 − 𝛿𝑝𝑟
1 )�̅� 𝑛𝜆𝑜

𝑒 (ℎ𝑝𝑟
)[(1 − 𝛿𝑝𝑡

𝑝
)𝐴𝑁𝑧𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

) + (1 − 𝛿𝑝𝑡
1 )𝐵𝑁𝑧𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)] 

+ (1 − 𝛿𝑝𝑟

𝑝
)�̅� 𝑛𝜆𝑜

𝑒 (−ℎ𝑝𝑟
)[(1 − 𝛿𝑝𝑡

𝑝
)𝐶𝑀𝑧𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

) + (1 − 𝛿𝑝𝑡
1 )𝐷𝑀𝑧𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)] 

+ (1 − 𝛿𝑝𝑟

𝑝
)�̅� 𝑛𝜆𝑜

𝑒 (−ℎ𝑝𝑟
)[(1 − 𝛿𝑝𝑡

𝑝
)𝐶𝑁𝑧𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑝𝑡

) + (1 − 𝛿𝑝𝑡
1 )𝐷𝑁𝑧𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (ℎ𝑝𝑡

)]} 

(4.7) 

where ℎ𝑝𝑟
= √𝑘𝑝𝑟

2 − 𝜆2 and ℎ𝑝𝑡
= √𝑘𝑝𝑡

2 − 𝜆2. The subscripts 𝑝𝑡 and 𝑝𝑟 indicate the horizontal 

layers where the source and the field to be calculated are located, respectively. The coefficients 

𝐴𝑀𝑧 , 𝐵𝑀𝑧 , 𝐴𝑁𝑧, 𝐵𝑁𝑧, 𝐶𝑀𝑧 , 𝐷𝑀𝑧 , 𝐶𝑁𝑧 and 𝐷𝑁𝑧 can be obtained by the boundary conditions given 

by 

�̂� × �̿�𝑒

((𝑝𝑟,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
= �̂� × �̿�𝑒

((𝑝𝑟+1,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
 (4.8) 

1

𝜇𝑟
�̂� × ∇ × �̿�𝑒

((𝑝𝑟,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
=

1

𝜇𝑟+1
�̂� × ∇ × �̿�𝑒

((𝑝𝑟+1,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
 (4.9) 

Remembering that �̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) are given by (4.3) and (4.4) respectively. 
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4.4. Dyadic Green’s function �̿�𝒆𝒔𝒗

(𝒓 𝒕)
 for q Vertical Media Layers 

 

Similarly, for the formulation used for the horizontal layers, in the vertical layers the 

equations will be realized in the �̂�-axis. Thereby  

�̿�𝑒𝑠𝒗

(𝑟 𝑡)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ𝑞𝑡

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {(1 − 𝛿𝑞𝑟
1 )�̅� 𝑛𝜆𝑜

𝑒 (ℎ𝑞𝑟
)[(1 − 𝛿𝑞𝑡

𝑞
)𝐴𝑀𝑦𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑞𝑡

) + (1 − 𝛿𝑞𝑡
1 )𝐵𝑀𝑦𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (ℎ𝑞𝑡

)] 

+ (1 − 𝛿𝑞𝑟
1 )�̅� 𝑛𝜆𝑜

𝑒 (ℎ𝑞𝑟
)[(1 − 𝛿𝑞𝑡

𝑞
)𝐴𝑁𝑦𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑞𝑡

) + (1 − 𝛿𝑞𝑡
1 )𝐵𝑁𝑦𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (ℎ𝑞𝑡

)] 

+ (1 − 𝛿𝑞𝑟

𝑞
)�̅� 𝑛𝜆𝑜

𝑒 (−ℎ𝑞𝑟
)[(1 − 𝛿𝑞𝑡

𝑞
)𝐶𝑀𝑦𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑞𝑡

) + (1 − 𝛿𝑞𝑡
1 )𝐷𝑀𝑦𝑀′̅̅̅̅

𝑛𝜆𝑜
𝑒 (ℎ𝑞𝑡

)] 

+ (1 − 𝛿𝑞𝑟

𝑞
)�̅� 𝑛𝜆𝑜

𝑒 (−ℎ𝑞𝑟
)[(1 − 𝛿𝑞𝑡

𝑞
)𝐶𝑁𝑦𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (−ℎ𝑞𝑡

) + (1 − 𝛿𝑞𝑡
1 )𝐷𝑁𝑦𝑁′̅̅ ̅

𝑛𝜆𝑜
𝑒 (ℎ𝑞𝑡

)]} 

(4.10) 

where ℎ𝑞𝑟
= √𝑘𝑞𝑟

2 − 𝜆2 and ℎ𝑞𝑡
= √𝑘𝑞𝑡

2 − 𝜆2. The subscripts 𝑞𝑡 and 𝑞𝑟 indicate the vertical 

layers where the transmitter and the receiver are located respectively. The coefficients 

𝐴𝑀𝑦, 𝐵𝑀𝑦, 𝐴𝑁𝑦, 𝐵𝑁𝑦, 𝐶𝑀𝑦, 𝐷𝑀𝑦, 𝐶𝑁𝑦 and 𝐷𝑁𝑦 can be obtained by the boundary conditions given by 

�̂� × �̿�𝑒

((𝑝𝑟,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
= �̂� × �̿�𝑒

((𝑝𝑡, 𝑞𝑡)  (𝑝𝑡, 𝑞𝑡+1))
 (4.11) 

1

𝜇𝑓
�̂� × ∇ × �̿�𝑒

((𝑝𝑟,𝑞𝑟)  (𝑝𝑡, 𝑞𝑡))
=

1

𝜇𝑓+1
�̂� × ∇ × �̿�𝑒

((𝑝𝑡, 𝑞𝑡)  (𝑝𝑡, 𝑞𝑡+1))
 (4.12) 

It is emphasized that independent vector wave functions used in this work are different 

from the traditional ones used in [20], performed in this thesis along the �̂� axis, expressed by 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) =

1

𝑘𝑞𝑡

[𝑗ℎ
𝜕

𝜕𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂� ∓ 𝑗ℎ
𝑛

𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂� + 𝜆2𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛
𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑦 (4.14) 

 

 

4.5. Electrical Field Calculation 

 

The electric field is calculated by: 

 

�̅�𝑟(�̅�) = 𝑗𝜔𝜇𝑡 ∭[�̿�𝑒0 𝛿𝑡
𝑟 + �̿�𝑒𝑠𝒉

(𝑟 𝑡)
+  �̿�𝑒𝑠𝒗

(𝑟 𝑡)
] ∙  𝐽(̅𝑅′̅̅ ̅)𝑑𝑣′ 

                                                𝑉𝑗 

(4.15) 

where 𝑉𝑗 indicates a volume within which all sources (𝐽)̅ are contained. The electric field given 

by (4.15) is obtained by a rigorous analysis of the eigenfunction expansion of DGF [20]. In 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) = [∓

𝑛

𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑐𝑜𝑠

𝑠𝑖𝑛 )�̂� −
𝜕

𝜕𝜌
𝐽𝑛(𝜆𝜌)( 𝑛𝜙𝑠𝑖𝑛

𝑐𝑜𝑠 )�̂�] 𝑒𝑗ℎ𝑦 (4.13) 
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addition, the modification used here is performed in (4.1), in which �̿�𝑒𝑠𝒗

(𝑟 𝑡)
 is added considering 

the vertical propagation in the media. The addition of this term does not duplicate the 

calculation of the electric field because the use of �̿�𝑒𝑠𝒗

(𝑟 𝑡)
does not add a direct field (calculated 

only once by (4.6) if it exists, guaranteeing their uniqueness by 𝛿𝑡
𝑟). In addition, using the 

coefficients of �̿�𝑒𝑠𝒗

(𝑟 𝑡)
 through the boundary conditions (4.11) and (4.12), such coefficients 

correctly include the reflections and wave transmissions that occur from one medium to the 

other (see [20], [39]). 

 

 

4.6. Formulation of the Electric Field for the Mixed City-River 

Path 

 

The mixed path considered is the City-River-Forest path, shown in Fig. 4.1. The forest is 

considered in the path because it influences calculations of the boundary conditions with 

reflected and refracted waves, although no data were collected inside the forest. The 

formulations used are those obtained previously, considering a receiver in the city and over the 

river. Two electric fields will be calculated, considering two receivers: (i) 𝑅1(in the city) e (ii) 

𝑅2(over the river). 

 

 
Fig. 4.2. Schematic of City-River-Forest Path. 

 
Source: produced by the author. 
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4.6.1. Calculation of 𝑹𝟏: Receiver in the city 

 

For this situation: 𝒕 = 3, 1 and 𝒓 = 2, 1. Using equation (4.5): 

 

�̿�𝑒
(𝑟 𝑡)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑡
𝑟 + �̿�𝑒𝑠𝒉

(𝑟 𝑡)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(𝑟 𝑡)
(�̅�/𝑅′̅) 

�̿�𝑒
(2,1  3,1)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿3,1
2,1 + �̿�𝑒𝑠𝒉

(2,1  3,1)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(2,1  3,1)
(�̅�/𝑅′̅) 

 

with 𝛿3,1
2,1 = 0: 

 

�̿�𝑒
(2,1  3,1)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒𝑠𝒉

(2,1  3,1)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(2,1  3,1)
(�̅�/𝑅′̅) (4.16) 

 

Using equation (4.7), it is found that the value of �̿�𝑒𝑠ℎ

(2,1  3,1)
(�̅�/𝑅′̅) is: 

 

            �̿�𝑒𝑠𝒉

(2,1  3,1)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ3

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {[𝐵𝑀𝑧�̅�(ℎ2) + 𝐷𝑀𝑧�̅�(−ℎ2)]𝑀′̅̅̅̅ (ℎ3) + [𝐵𝑁𝑧�̅�(ℎ2) + 𝐷𝑁𝑧�̅�(−ℎ2)]𝑁′̅̅ ̅(ℎ3)} 

(4.17) 

Using the boundary conditions given by (4.8) and (4.9), it is found that: 

𝐵𝑀𝑧 =
𝑇3

∗𝐻𝑅2
𝐻𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝐻
 (4.18a) 

𝐵𝑁𝑧 =
𝑇3

∗𝑉𝑅2
𝑉𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝑉
 (4.18b) 

𝐷𝑀𝑧 =
𝑇3

∗𝐻𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝐻
 (4.18c) 

𝐷𝑁𝑧 =
𝑇3

∗𝑉𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝑉
 (4.18d) 

where �̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) are given by (4.3) and (4.4), respectively. 

Using equation (4.10), it is found that the value of �̿�𝑒𝑠𝑣

(2,1  3,1)
(�̅�/𝑅′̅) is: 

 

�̿�𝑒𝑠𝒗

(2,1  3,1)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ1

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {[𝐶𝑀𝑦�̅�(−ℎ1)𝑀′̅̅̅̅ (−ℎ1) + 𝐶𝑁𝑦�̅�(−ℎ1)𝑁′̅̅ ̅(−ℎ1)]} 

(4.19) 

 

Using the boundary conditions given by (4.11) and (4.12), it is found that: 

 

𝐶𝑀𝑦 =
𝑅3

𝐻𝑒𝑗2ℎ2𝐻𝑦1 + 𝑅2
𝐻

𝐷𝐻
 (4.20a) 

𝐶𝑁𝑦 =
𝑅3

𝑉𝑒𝑗2ℎ2𝐻𝑦1 + 𝑅2
𝑉

𝐷𝑉
 (4.20b) 

where �̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) are given by (4.13) and (4.14), respectively, and 
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𝑅𝑓
𝐻 =

𝜇𝑓ℎ𝑓+1 − 𝜇𝑓+1ℎ𝑓

𝜇𝑓ℎ𝑓+1 + 𝜇𝑓+1ℎ𝑓
 (4.21a) 

𝑅𝑓
𝑉 = −

𝜇𝑓𝑘𝑓ℎ𝑓+1
2 − 𝜇𝑓+1𝑘𝑓+1ℎ𝑓

2

𝜇𝑓𝑘𝑓ℎ𝑓+1
2 + 𝜇𝑓+1𝑘𝑓+1ℎ𝑓

2 (4.21b) 

𝑇𝑓
𝐻 = 1 + 𝑅𝑓

𝐻 (4.21c) 

𝑇𝑓
𝑉 =

𝜇𝑓𝑘𝑓+1

𝜇𝑓+1𝑘𝑓
(1 + 𝑅𝑓

𝐻) (4.21d) 

𝑇𝑓
∗𝐻 = 1 − 𝑅𝑓

𝐻 (4.21e) 

𝑇𝑓
∗𝑉 =

𝜇𝑓𝑘𝑓+1

𝜇𝑓+1𝑘𝑓
(1 − 𝑅𝑓

𝐻) (4.21f) 

𝐷𝐻,𝑉 = 1 + 𝑅3
𝐻, 𝑉

𝑅2
𝐻, 𝑉

𝑒𝑗2ℎ2𝐻𝑧(𝑦)1 (4.21g) 

 

 

4.6.2. Calculation of 𝑹𝟐: Receiver over the River  

 

For this situation: 𝒕 = 3, 1 e 𝒓 = 2, 2. Using equation (4.5): 

�̿�𝑒
(𝑟 𝑡)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿𝑡
𝑟 + �̿�𝑒𝑠𝒉

(𝑟 𝑡)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(𝑟 𝑡)
(�̅�/𝑅′̅) 

�̿�𝑒
(2,2  3,1)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒0 (�̅�/𝑅′̅̅ ̅)𝛿3,1
2,2 + �̿�𝑒𝑠𝒉

(2,2  3,1)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(2,2  3,1)
(�̅�/𝑅′̅) 

With 𝛿3,1
2,2 = 0: 

�̿�𝑒
(2,2  3,1)

 (�̅�/𝑅′̅̅ ̅) = �̿�𝑒𝑠𝒉

(2,2  3,1)
(�̅�/𝑅′̅) +  �̿�𝑒𝑠𝒗

(2,2  3,1)
(�̅�/𝑅′̅) (4.22) 

 

Using equation (4.7), it is found that the value of �̿�𝑒𝑠ℎ

(2,2  3,1)
(�̅�/𝑅′̅) is: 

�̿�𝑒𝑠𝒉

(2,2  3,1)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ3

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {[𝐵𝑀𝑧�̅�(ℎ2) + 𝐷𝑀𝑧�̅�(−ℎ2)]𝑀′̅̅̅̅ (ℎ3) + [𝐵𝑁𝑧�̅�(ℎ2) + 𝐷𝑁𝑧�̅�(−ℎ2)]𝑁′̅̅ ̅(ℎ3)} 

(4.23) 

 

 

Using the boundary conditions given by (4.8) and (4.9), it is found that: 

𝐵𝑀𝑧 =
𝑇3

∗𝐻𝑅2
𝐻𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝐻
 (4.24a) 

𝐵𝑁𝑧 =
𝑇3

∗𝑉𝑅2
𝑉𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝑉
 (4.24b) 

𝐷𝑀𝑧 =
𝑇3

∗𝐻𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝐻
 (4.24c) 

𝐷𝑁𝑧 =
𝑇3

∗𝑉𝑒𝑗(ℎ2−ℎ3)𝐻𝑧1

𝐷𝑉
 (4.24d) 

 

where �̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) are given by (4.3) and (4.4), respectively. 
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Using equation (10), it is found that the value of �̿�𝑒𝑠𝑣

(2,2  3,1)
(�̅�/𝑅′̅) is: 

                       �̿�𝑒𝑠𝒗

(2,2  3,1)
(�̅�/𝑅′̅̅ ̅) =

𝑗

4𝜋
∫

𝑑𝜆

𝜆ℎ1

∞

0

∑(2 − 𝛿𝑛
0)

∞

𝑛=0

∙ 

∙ {�̅�(ℎ2)𝐴𝑀𝑦𝑀′̅̅̅̅ (−ℎ1) + �̅�(ℎ2)𝐴𝑁𝑦𝑁′̅̅ ̅(−ℎ1) + �̅�(−ℎ2)𝐶𝑀𝑦𝑀′̅̅̅̅ (−ℎ1)

+ �̅�(−ℎ2)𝐶𝑁𝑦𝑁′̅̅ ̅(−ℎ1)} 

(4.25) 

Using the boundary conditions given by (4.11) e (4.12), it is found that: 

𝐴𝑀𝑦 =
𝑇2

𝐻

𝐷𝐻
 (4.26a) 

𝐴𝑀𝑦 =
𝑇2

𝑉

𝐷𝑉
 (4.26b) 

𝐶𝑀𝑦 =
𝑅3

𝐻𝑇2
𝐻𝑒𝑗2ℎ2𝐻𝑦1

𝐷𝐻
 (4.26c) 

𝐶𝑁𝑦 =
𝑅3

𝑉𝑇2
𝑉𝑒𝑗2ℎ2𝐻𝑦1

𝐷𝑉
 (4.26d) 

 

�̅� 𝑛𝜆𝑜
𝑒 (ℎ) and �̅� 𝑛𝜆𝑜

𝑒 (ℎ) are given by (4.13) and (4.14), respectively. With equations 

(4.21a) - (4.21g) continuing valid in equations (4.24a) - (4.26d). 

 

4.7. Final Considerations 

 

In this chapter, all the formulations for the calculation of the electric field were developed 

using the Dyadic Green's Functions.  The electric field given by (4.15) is obtained by a rigorous 

analysis of the eigenfunction expansion of DGF. In addition, the innovation used here is 

performed in (4.1), in which �̿�𝑒𝑠𝒗

(𝑟 𝑡)
 is added considering the vertical propagation in the media. 

In addition, the electric field was calculated for the case study described in this thesis: the City-

River-Forest path. The following chapter describes the measurement campaign performed to 

obtain electrical field data from a Digital TV station. 
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5. Measurement Campaigns 
 

 

This chapter will present the measurement campaign that was carried out. A measurement 

campaign was developed in the city of Belém-Pará and over the Bay of Guajará (a river), located 

in the Amazon Region of Brazil. Data were not collected inside the forest; however, the 

boundary conditions were calculated for city-river and river-forest. Received power data was 

collected from a digital TV broadcasting transmitter, which has a central frequency of 521 MHz 

and a bandwidth of 6 MHz. A case study was performed for a City River-Forest path. Received 

power data was collected from a digital TV station considering a mixed path involving the city 

and the river. The data obtained from the measurements are used to validate and show the 

applicability of the model.   

 

5.1. Measurements 

 

The measurements were developed in the city of Belém in March 2015, considering a 

City River-Forest path. The transmitter Tx (or Tx1) is located at coordinates (01°27'43" S, 

48°29'28" W) and the reception points are distributed in two radials, as shown in Fig. 5.1. 

Fig. 5.1. Measurement points, mixed path Belém - Guajará Bay. 

 

Source: produced by the author. 

 

A total of 181 points were measured, of which 19 were in the city and 162 over the water, 

the two radials have similar distances. The measurement points were distributed as shown in 

Table I. The total distance is measured from the Tx transmitter in the table. 
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TABLE I 

DISTRIBUTION OF THE MEASURED POINTS IN THE RADIAL  

Radial Number of 

Points on 

Land 

Total 

Distance on 

Land (km) 

Number of 

Points in 

the Water 

Total 

Distance in 

Water (km) 

Radial 1 12 1.69 100 5.007 

Radial 2 7 1.67 62 5.22 

 

The measurements were obtained continuously by boat with an average speed of 11.3 

km/h at high tide. The river has a smooth surface. Over the water, 1540 samples of received 

power distributed in two radials were collected. Then, an arithmetic mean of the samples was 

made in annuli of 200 m. In the first annulus highlighted in Fig. 5.1, the data were not 

considered because there are paths in the city and on the river. In addition, there are no 

measurements in the second and last annulus highlighted.  

The transmitter (Tx) was constantly operating with a power of 6 kW. The transmission 

line loss was 1.72 dB, the VWSR (Voltage Standing Wave Ratio) was less than or equal to 1.15 

and the modulation was 64 QAM. In addition, the transmitting antenna is static in the city and 

has a height of 114.58 m over the ground. The transmitter antenna is an array of panels with 

horizontal polarization, is omnidirectional and had a gain of 11.1 dBd and loss of 

cables/connectors is 1.48 dB.  

Received power data were collected using the Site Master ANRITSU S332E [59] and a 

receiver antenna (Rx), antenna Dipole HP651A [60], positioned 5 meters above the river level. 

The Rx antenna was a dipole with a beam width of 76 degrees, horizontal polarization, gain of 

0 dBd and cable plus connectors attenuation of 1.95 dB. A semiautomatic system was used to 

rotate the Rx to obtain maximum receiver power. A GARMIN'S 12 MAP Personal 

NavigatorTM GPS [61] was also used. All equipment was installed in the boat (Fig. 5.2) used 

for the measurements. 

  Fig. 5.2. Boat used in Measurements. 

 

Source: produced by the author. 
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The receiving antenna was placed on the deck of the boat and was directed to obtain the 

maximum receiving power at each receiving point. The boat is made entirely of wood, having 

only the hull and machinery (located in the lower part of the boat) made of iron. The receiving 

height above the water was 5 m. Receiving power was collected at each measurement point 

continuously to prevent drifting. The measurements were performed in the afternoon in the high 

tide to avoid sandbanks. In March, there is a transition of climate in the region, going from a 

rainy period to a dry period, and the measurements were taken in the afternoon without rain. 

The Site Master has been configured to display form the 518 MHz to 524 MHz, which is the 6 

MHz bandwidth of the TV channel but collecting the received power data at the central 

frequency of 521 MHz, whose data has been stored in memory. The coordinates of the measured 

point were taken in parallel, both latitude, and longitude with GPS.  

For the reception on the ground, the same equipment employed in the measurements on 

the river was used. The receiving antenna was placed in a vehicle at a height of 4 m above the 

ground and was directed to obtain the maximum value of the receiving power at each measuring 

point. The power inverter was used to connect the equipment. The radials in the city follow the 

direction of the radial in the water, as shown in Fig. 5.1. The points were measured from 200 

to 200 meters in the city.  

 

Fig. 5.3. Panorama of the mixed path (Belém - Guajará Bay). 

 

Source: produced by the author. 

 

Additional measurements were performed in the city with points spread over an area of 

at least 2 km and a maximum distance of 20 km from the transmitter covering the urban and 
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suburban perimeter on the right side of Tx. The data were collected in a similar way to the 

mixed path in this additional measurement, and the points were measured from 200 to 200 

meters. The panorama of the mixed path (Belém - Guajará Bay) can be seen in Fig. 5.3. It is 

important to emphasize that there is no presence of large or rough waves in the river, the surface 

of the river is practically flat, as shown in Fig. 5.3 above. 

After obtaining the data, a treatment was performed on them. It was necessary to extract 

the terrain profile from the transmitter to each of the measurement points of the mixed path to 

apply ITU-R Recommendation P. 1546.  

 

5.2. Measurements Uncertainties 

 

When performing measurements, and essentially when these measurements are going to 

be used to determine the best among several theoretical models, the results must be solid and 

controlled. Data confidence is essential to decide which model that better fits with the real-

world data and to guarantee that results are correctly expected. Errors from the analyzer, cable 

attenuation, and stability, the effect of temperature and humidity, antenna pointing, and so on, 

can cause some measurements uncertainties. 

An analysis to estimate the measurement uncertainties [62] was performed in order to 

obtain a controlled and precision data. The measurement uncertainties are shown in Table II. 

The values of the parameters were obtained from the datasheet, technical documentation and 

additional information provided by the Digital TV Broadcaster. The Combined Standard 

Uncertainty and Expanded Uncertainty is also shown In Table II, considering k = 2 (interval 

having a confidence level of approximately 95 percent). 

 

TABLE II 

MEASUREMENT UNCERTAINTIES  

Parameters 

Supplied Uncertainty 
Standard Uncertainty  

[dB] 
Value 

[dB] 
Distribution 

Spectrum Analyzer (Amplitude Accuracy) 1.25 Rect. (√3) 0.72 

Antenna Pointing 1.0 Rect. (√3) 0.58 

Output Power Stability 0.3 Rect. (√3) 0.17 

Frequency Response 0.5 Rect. (√3) 0.29 

Cable Correction Factor 
0.5 

Normal 

(1.96) 
0.26 

Antenna Factor RX 0.15 Rect. (√3) 0.09 

Combined Standard Uncertainty, uc(y) 1.02 dB 

Expanded Uncertainty, U (k = 2) 2.04 dB 
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The transmitter has a Frequency Stability of ± 250 Hz over a one-month operation. The 

transmission for the digital channel has a central frequency of 521 MHz, so the Supplied 

Uncertainty for Frequency Stability results in a value (10−5) not considered in Table I. 

According to the Spectrum Analyzer datasheet [59], its Operating Temperature Range is 

–10 ºC to 55 ºC with Maximum Relative Humidity 95%. The temperature was between 29ºC to 

31ºC and the humidity was on average 70% in the period of measurements. There was no 

precipitation on the days when the data were collected.  There is no error information involving 

temperature and humidity according to the datasheet of the Spectrum Analyzer, so the 

uncertainty of temperature and humidity measurement were not considered. 

 

5.3. Final Considerations 

 

The measurement campaigns were described in this chapter. Electrical field power data 

were obtained from a digital TV broadcasting transmitter in Belém. Data were collected in the 

city and over the river, considering a mixed path. In addition, measurement uncertainties were 

performed to ensure the accuracy and control of the obtained data.  In the following chapter, 

the results of the measured data are shown, as well as the simulation of the proposed model and 

the use of the ITU recommendation with and without the Millington’s curve-fitting.   
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6. Results 
 

 

The results obtained for the electric field prediction for Digital TV (UHF) using DGF is 

presented considering a case study performed over the river for a City River-Forest path. The 

formulation used are those obtained previously in chapter 4, considering a receiver in the city 

and over the river. A comparison with the model described in Rec. ITU-R P.1546-5, with 

measured data from transmitter Tx, the ITU-R P.1546-5 with Millington’s curve-fitting and the 

proposed model is performed. 

 

6.1. Preliminary Considerations  

 

It is necessary to describe the electrical parameters used in this work before presenting 

the results. The parameters used for City-River Path, shown in Fig. 4.1, are presented in Table 

III next. 

TABLE III 

PARAMETERS USED FOR CITY-RIVER PATH  

Parameters Values 

Relative permittivity of medium 1,1 [soil] (𝜺𝟏,𝟏)  1.9 

Relative permittivity of medium 2,1 [city] (𝜺𝟐,𝟏) 4.6 

Relative permittivity of medium 1,2 [river] (𝜺𝟐,𝟏) 80 

Relative permittivity of medium 3,1/2,2/3,2/3,3 [air] 

(𝜺𝟑,𝟏, 𝜺𝟐,𝟐, 𝜺𝟑,𝟐, 𝜺𝟑,𝟑) 
1.0 

Relative permittivity of medium 2,3[forest] (𝜺𝟐,𝟑) 1.1 

Conductivity of medium 1,1[soil] (𝝈𝟏,𝟏) 20 mS/m 

Conductivity of medium 2,1[city] (𝝈𝟐,𝟐) 1.8 mS/m 

Conductivity of medium 1,2 [river] (𝝈𝟏,𝟐) 5𝑥10−2 S/m 

Conductivity of medium 3,1/2,2/3,2/3,3 [air] 

(𝝈𝟑,𝟏, 𝝈𝟐,𝟐, 𝝈𝟑,𝟐, 𝝈𝟑,𝟑) 
0 

Conductivity of medium 1,3 [forest] (𝝈𝟏,𝟑) 0.1 mS/m 

Height between horizontal medium 2 and 3 (𝑯𝒛𝟏) 
15 m (𝑓𝑜𝑟 𝑅1) and 

 17 m (𝑓𝑜𝑟 𝑅2) 

Height between vertical medium 2 and 3 (𝑯𝒚𝟏) 3 km 

Receiver Height (𝒉𝒓) 4 m 
 

 

For a relative permittivity of medium 1,1 is considered an arithmetic mean of the values 

Forest relative permittivity and Road relative permittivity found in [63], considering that the 

Belém city of has a soil/ground composed of roads and vegetation. For medium 2,1 it was 

considered a medium (city) consisting of forest, concrete (buildings) and air in order to 

represent more accurately the city of Belém. For the value of the Relative permittivity of 

medium 2,1 a weighted average of the relative permissivity values of concrete [64], forest [63] 
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and the air is considered. The medium 2,1 was considered to have 60% of constructions, 20% 

of forest and 20% of air, which is a mean percentage of the values of these elements present in 

radial 1 and 2. For the Relative permittivity of medium 2,3 was used the value available in [63]. 

The value used for the conductivity of medium 1,1 is considered an arithmetic mean of the 

values Forest conductivity and Road conductivity found in [63]. For the conductivity of the 

medium 2,1 a weighted average was used considering the conductivity values of the forest, 

concrete (buildings) and air in a similar way made in the calculation of the permittivity value. 

The value used for the conductivity and permittivity of medium 1,2 corresponds to the value of 

fresh water in [65]. These values used in the river are relatively close to one study [66] by an 

institution which conducts scientific studies of natural and socio-cultural systems of the 

Amazon with more than 150 years located in Belém. For the Conductivity of medium 1,3 was 

used the value available in [63]. The value of 𝐻𝑧1 is due to the average heights of houses and 

buildings in a suburban city. The value of 𝐻𝑦1 refers to the length of the river. 

For a better presentation and explanation of results, the following topics analyze the 

variation of the model with the parameters, the electric field for two and three-layered medium 

[53], respectively. For all cases where there is a comparison with the measured data in the city. 

A composition of the horizontal and vertical components of the calculated electric fields was 

used. In addition, the logarithmic trend of the measured data was used to calculate the RMS 

(Root Mean Square) Error between the proposed model and the other models used. The 

logarithmic trend is used because it is the simplest, fast to compute and is in accordance with 

the electric field theory used. Some initial results can be found in [67]–[69]. In this thesis, the 

results presented are:  

- Analysis of the model with the parameters used; 

- Comparison of the model using DGF for Two-layered media with some models 

present in the literature for VHF and UHF; 

- Comparison of the model using DGF for Two-layered media with the measured data 

from the first measurement; 

- Comparison of the model using DGF for Three-layered media with the measured data 

of the first measurement for the Situation II and the examination of the model when 

using the Situation I; 

- Results for a City-River-Forest Path.   
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6.2. Sensitivity of the model to parameters 

 

Before presenting the obtained results for a Two- and Three-Layered Media, shown in 

Fig. 6.1 and 6.2 below, it is worth to emphasize that some tests of variation of some parameters 

were done to evaluate the model.  

Fig. 6.1. Two-Layered Medium. 

 
Source: produced by the author. 

 

Fig. 6.2. Three-layered medium with transmitter and receiver in medium 1 (Situation I) and transmitter in 

medium 1 and receiver in medium 2 (Situation II). 

 
Source: produced by the author. 

 

 The following parameters were analyzed: permittivity, receiver height, conductivity, and 

transmitter height. These are the parameters that will most influence the electric field at a 

frequency to be analyzed. A normalized parameter K has been defined as: 

𝐾 =
𝛶

𝛶 𝑟𝑒𝑓
 (6.1) 

where 

 𝛶 =  ℎ𝑡 , 𝜎,  휀𝑟 , ℎ𝑟, is transmitter height, conductivity, relative permittivity or receiver 

height, respectively, that will be varied; 

 𝛶 𝑟𝑒𝑓 =  ℎ𝑡 𝑟𝑒𝑓 ,  𝜎𝑟𝑒𝑓, 휀𝑟 𝑟𝑒𝑓 , ℎ𝑟 𝑟𝑒𝑓, is the reference parameter (transmitter height, 

conductivity, relative permittivity or receiver height, respectively); 
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The Recommendation ITU-R P.527-4 [65] was considered in this analysis. In this 

recommendation, there are typical values of conductivity and permittivity for different types of 

ground, as a function of frequency as shown in figure 6.3 below.  

 

Fig. 6.3. Relative Permittivity, 휀𝑟, and conductivity, 𝜎, as a function of frequency. 

 

Source: Recommendation ITU-R P.527-4 [66] 
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The two-layered medium model for Tx1 (521.14 MHz, height of 114.58 m and ERP of 

52.15 kW) will be used to verify its sensitivity when varying the parameters cited. This is the 

model that has the closest characteristics presented in the ITU recommendation, considering 

ground-wave propagation and the electrical characteristics of the ground. It is worth noting that 

using the three-layered model [53], it presents results similar to the ones shown below. 

The Electric Field (dB(μV/m)) was calculated for 10 km from the transmitter. The 

reference parameters used are: ℎ𝑡 𝑟𝑒𝑓 = 114.58 𝑚,  휀𝑟𝑒𝑓 = 1.9,  𝜎𝑟𝑒𝑓 = 20 𝑚𝑆/𝑚 and  

ℎ𝑟 𝑟𝑒𝑓 = 4 𝑚. These are the parameters used in the electric field for Tx1 using the DGF for two-

layered, as shown in Table IV next. 

TABLE IV 

PARAMETERS USED FOR TWO-LAYERED MEDIA  

Parameters Values  

Relative permittivity of the air (εr,1) 1.0 

Relative permittivity of the soil (εr,2) 1.9 

Soil conductivity (σ2) 20 mS/m 

Receiver Height (hr) 4 m 

 

The parameters 𝜎 and 휀 will be varied in a range of values present Recommendation ITU-

R P.527-4. These values will be varying from: 𝜎 = 10−4 S/m to 𝜎 = 5 ×  10−2 S/m (very dry 

ground to wet ground, respectively) and  휀 = 3 to 휀 = 30 (respectively, very dry ground to wet 

ground). When a parameter is varied, the other parameters are the same as the reference.  

In Fig. 6.4, the transmitter height varies from 30 m to 700 m. When this height is 6 times 

greater than ℎ𝑡 𝑟𝑒𝑓 (point 6 in the chart), there is a difference of approximately 17 dB in the 

electric field value. The receiver height varies from 4 m to 50 m approximately. When this 

height is 10 times greater than ℎ𝑟 𝑟𝑒𝑓, there is a difference of 2.34 dB in the electric field value. 

The difference between the graph of the height of the transmitter and receiver is due to the range 

of variation (30-700 m for transmitter height and 4-50 m for receiver height), emphasizing that 

both have a variation that obeys the principle of reciprocity (with respect to the position of each 

one). 

The relative permittivity of the soil is from 1.9 to 30, in Fig. 6.4. When the permittivity 

is 5.7 (very dry ground, 휀 = 3) times greater than the 휀𝑟𝑒𝑓, there is a difference of 10 dB in the 

electric field. The conductivity variation is the lowest among the three electric parameters, as 

seen in Fig. 6.4. When the conductivity is 5 times greater than the reference, there is a difference 

of 6.62 dB in the value of the electric field. The variations observed in Fig. 6.4 for a frequency 

of 521.14 MHz present values consistent with the variations existing in the recommendation in 

ITU-R Recommendation P. 527-4.  
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Fig. 6.4. Normalized parameter showing the variation of the model for different values of transmitter height, 

conductivity, relative permittivity and receiver height. 

 

Source: produced by the author. 

 
 

6.3. Results for a Two-Layered Medium  

 

For this situation, one medium is considered air and the other is considered as soil. In all 

the graphs below, the correction factor 𝑎(ℎ𝑟) is used for small and medium cities in the 

Okumura-Hata model [70]. An analysis of the accuracy of the model using DGF compared to 

Okumura-Hata for different levels of height and frequency will be done to evaluate the DGF. 

In Fig. 6.5 a frequency of 50 MHz was used, in which the electric field graph was obtained 

using the DGF and the graphic using Okumura-Hata for Electrical Field strength (dB (μV/m)) 

for 1 kW E.R.P (Effective Radiated Power) and using the same height values for the 

transmitting and receiving antenna. The DGF has an RMS Error of 1.98 dB compared to the 

Okumura-Hata model. As described in Rec. ITU-R P.529-3, the Okumura-Hata model is valid 

from 1 km to 100 km. The two models have a good agreement at this distance, having a 

maximum of 2 dB difference in 1 km and 20 km. At 20 km there is a slight curvature on the 

Okumura-Hata's curves due to the change in the correction factor b [70] used in the formula for 

distances of 20 km to 100 km.  
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Fig. 6.5. Electric field using DGF versus Okumura-Hata for a frequency of 50 MHz and 30 m for transmitter 

height. 

 
Source: produced by the author. 

 

Using different heights for the transmitting antenna, a comparation of the DGF with the 

Okumura-Hata model using a frequency of 900 MHz was performed for the distance between 

20 km and 100 km. In Fig. 6.6 there is a similarity between the model using the DGF and the 

Okumura model. However, there is a small variation (between 20 and 30 km).  In Okumura-

Hata's method, the correction factor b used in the formula [70] for distances greater than 20 km 

causes a more pronounced attenuation (approximately 7 dB) in the distance of 20 km to 40 km. 

Beyond 40 km this attenuation is smaller and follows the exponential trend. In the DGF's model, 

there is no such attenuation at this distance, so there is an error that reaches a maximum of 4 

dB. 

Fig. 6.6. Electric field using Dyadic Green's Function versus Okumura-Hata for a frequency of 900 MHz, 

considering various heights for transmitting antenna. 

 

Source: produced by the author. 
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Table V shows the RMS error (point to point in the same distance) between the model 

using DGF and the Okumura-Hata model for different heights for the transmission antenna 

(Tx), as shown in Fig. 6.6. As can be seen in the table, the RMS errors are below 2 dB showing 

the similarity of the models at this frequency. 

TABLE V 

RMS error for different Tx heights  

RMS Error (dB) 

h1 = 30m h1 = 50m h1 = 70m h1 = 100m 

1.37 1.24 1.43 1.66 

 

As can be seen in Fig. 6.5 and Fig. 6.6, the DGF and Okumura-Hata models have small 

RMS errors. As the Okumura-Hata model is valid for frequencies up to 1500 MHz, such errors 

kept small when comparing the two models up to that frequency. This fact shows the 

applicability and validity of the DGF model for the frequency range of VHF and UHF. This 

same analysis (showing the applicability and validity of the model for VHF) is not performed 

in the model using DGF for three-layered media, because the results would be similar to those 

obtained previously.  

Fig. 6.7 shows the comparison of the measured electric field (using a mean of the points, 

measured in radials, from 500 to 500 meters) with the fields predicted by the methods (ITU-R 

P. 1546-4, Okumura-Hata and DGF for two-layered medium) as a function of distance. In Fig. 

6.6, there are the three methods with the measured data of Tx1, they have RMS errors smaller 

than 2 dB in relation with the logarithmic trend of measured data. The maximum deviation 

observed for DGF and ITU-R P. 1546 is almost 2.5 dB in 6 km and 19 km, respectively. The 

maximum deviation for Okumura-Hata is 3.5 in 19 km. 

Fig. 6.7. Electrical field using Dyadic Green's function versus measured data for Tx1. 

 

Source: produced by the author. 
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6.4. Results for a Three-Layered Medium 

 

For the case of a three-layered medium with the transmitter and receiver in the medium 

1, as shown in Fig. 6.2 (𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 𝐼), are used the parameters of Table II. Curves similar to 

those in 𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 𝐼 are observed below for Situation II. As the data obtained do not have the 

characteristics used in the calculation of the electric field, a graphical analysis is not made for 

the Situation I. It will be performed just an examination of the model for the Situation I to show 

the difference of the results in relation to the use of the Situation II. In addition, a comparison 

with the Okumura-Hata model is not applicable to the Situation I because the receiving antenna 

in the Okumura model has a range of 1 to 10 m. It is emphasized that the formulation made is 

valid for VHF and UHF systems with characteristics equivalent to those from Fig. 6.2. 

For the case of a three-layered medium (medium 1 air, medium 2 the constructions of a 

city and medium 3 the soil) with the transmitter in medium 1 and receiver in medium 2, as 

shown in Fig. 6.2, it is used data from station Tx1, Okumura-Hata model described in Rec. ITU-

R P.529-3 [70], the model in ITU-R P. 1546 [28] and the model using the DGF for the analysis 

of results.  

 

Fig. 6.8. Electrical field for a three-layered medium Situation II using Dyadic Green Function, model present in 

ITU-R P. 1546 and measured data for Tx1.  

 

Source: produced by the author. 

 

The results obtained for the transmitter Tx1 and Tx2 are in Fig. 6.8. The Okumura-Hata 

and ITU-R P. 1546 models have the same characteristics analyzed in Fig. 6.7. In Fig. 6.8, it is 

verified that the values predicted by the models agree with the measured data. The model using 
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DGF has a maximum deviation of 2.41 dB at 6.5 km. The RMS errors between the logarithmic 

trend of measured data and the models are summarized in Table VI. 

 

TABLE VI 

 RMS ERROR OF THE MODELS USED FOR TX1.  

 RMS Error (dB) 

 Tx1 

DGF (2 Layers) 1.87 

DGF (3 Layers) 1.76 

ITU-R P. 1546 2.08 

Okumura-Hata 2.03 

 

 

The difference in using DGF for a two-layered medium or DGF for a three-layered 

medium is that the DGF with three layers allows for a more detailed calculation of the electric 

field. Using a three-layered medium, more characteristics of the environment can be added, and 

better results can be obtained, depending on the situation being analyzed. Furthermore, in a real 

situation, a medium is best defined with three layers because most have the air, constructions 

and the soil as layers. The model for a three-layered medium gives results slightly better than 

those obtained by DGF for a two-layered medium because the parameters used in two- and 

three-layered models have slightly different values. Using parameters with quite different 

values, a larger difference would be observed, as verified in section B of this chapter. 

Considering a three-layer medium with transmitter and receiver in medium 1 (Situation 

I, see Fig. 6.2), results different from those shown in Fig. 6.8 are obtained. A practical example 

of the Situation I would be a receiving antenna for home TV, which is in a fixed position mostly 

on the building’s roof-tops. Considering this case and a receiver located at a height of 25 m, the 

graph of the electric field using DGF for three-layered medium Situation I is presented in Fig. 

6.9 below. In order to examine the difference of results with Situation II, the measured data of 

Tx2 was also plotted. The transmitter Tx2 is located at the coordinates 01º27'12 "S / 48º29'22" 

W, a height of 125.30 m, a frequency ranges of 512-518 MHz, an operating power of 10 kW 

and an ERP of 61.79 kW. It is important to advise that the RMS error between the graphs in 

Fig. 6.9 was not calculated because the measured data represented in the graph (in blue) does 

not correspond to the situation analyzed, since the receiver height in the measured data is 4 m.  
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Fig. 6.9. Electrical field for a three-layered medium Situation I using Dyadic Green Function and measured data 

for Tx2. 

 

Source: produced by the author. 

 

6.5. Results for a City-River-Forest Path.   

 

The measured electric field with an interval showing its uncertainties of measurement, 

ITU-R P.1546 using Millington, the proposed model using DGF and ITU-R P.1546 along 5 km 

of the mixed-path (city and river) are presented in Fig. 6.10. The models consider the river at 

high tide and the city at 5 m above river level. The points over the water are at a distance of 2.1 

to 5 km from the transmitter. At a distance of 2.7 km, in the measured data over the river an 

increase of the electric field intensity is observed in the city-river interface, known as the 

Recovery Effect, shown in Fig. 6.10. 

 

Fig. 6.10. Electrical field using Dyadic Green's function, ITU-R P.1546-5 (with and without Millington) versus 

measured data. 

 
Source: produced by the author. 
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Measurement data present lower values up to 2.5 km due to a transition zone (city-river) 

where the signal is attenuated by the city. In this case, the recommendation ITU-R P.1546 does 

not consider the transition zone as a special case. When the entire path is considering as ground, 

the characteristics of a rural city are used, as indicated in the ITU-R P.1546. The disadvantage 

of this model is that there is no description of the Recovery Effect and the attenuation from the 

city.  

Millington's curve fitting method is used in the recommendation curve to represent the 

Recovery Effect, but RMS error increases because the predicted electric field values in water 

are overestimated. ITU-R P.1546 using Millington shows higher values in the analyzed 

distance, this curve presents values close to the measured data added to the uncertainties in the 

distance of 3.2 to 5 km. This method does not consider buildings in the city, so it does not 

represent the attenuation of the signal in the city-river transition. 

Using the DGF to represent the electric field, the model has a better fit with the measured 

data in relation to the other methods shown previously, as observed in Fig. 6.10. In the 

transition, the DGF model presents a more immediate changeover due to consideration of the 

shift for the city and river media. The representation of the electric field in the water using DGF 

follows the data measured after signal reinforcement. The RMS errors between the measured 

data, measured data ± uncertainties (Expanded Uncertainty) and the models are summarized in 

Table III. The RMS error obtainable using DGF presents the highest RMS error of 2.7 dB, 

considering the measured data and uncertainties. (-) uncertainty represents the lower range of 

the data measured with the uncertainties in Table VII. (+) uncertainty represents the upper range 

of the data measured with the uncertainties. 

TABLE VII 

RMS ERROR BETWEEN THE MEASURED DATA AND THE MODELS 

RMS Error (dB) 

 (-) 

Uncertainty 

Measured (+) 

Uncertainty 

DGF  1.92 1.19 2.73 

ITU-R P. 1546-5 5.39 3.79 2.82 

ITU-R P. 1546-5 using Millington 5.83 4.06 2.70 

 

As discussed, using Recommendation ITU-R P. 1546-5 the results show greater errors. 

This is explained by the fact that the recommendation uses an empirical model and is only used 

in: land-sea paths, land-coastal land and land- (sea + coastal land) paths. Such a model has no 

data based on freshwater/river water measurements and the Recovery Effect is not considered. 

Using the Millington's method of correction in Rec. ITU-R P. 1546-5, the results presents the 

reinforcement of the signal propagating from one path to another. However, this method 
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requires performing direct field calculations, using the existing paths from the transmitter to the 

receiver, and from the reverse field, considering the existing paths from the receiver to the 

transmitter. This makes the application of the Millington method a bit difficult and arduous to 

use. Applying the model using the DGF a smaller RMS error is obtained, although it is a 

deterministic model. Using the proposed model, it is not necessary to use the Millington method 

to adjust the curve and consider the signal reinforcement that occurs in the electric field.  

 

6.6. Final Considerations 

 

As verified in previous topics, the Dyadic Green function for electric field prediction was 

satisfactory. With the use of the three-layered model situation I or II for the city, slightly better 

results in the electric field calculation can be found compared to the two-layered model. 

The DGF model presents the lowest RMS error of 1.19 dB, because it has a better fit with 

the measured “Recovery Effect” due to the proximity of the city area, in opposition to ITU-

P.1546 and its variation. 
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7. Conclusions  
 

This thesis presented some of the major works using dyadic Green functions over the 

years. This tool allows some characteristics of the medium in question to be incorporated. The 

DGFs allow calculations to be made from the electric field through a system that is operating 

at higher frequencies. 

Solutions using Dyadic Green's functions were obtained from its expansion in 

eigenfunctions for the electric field prediction. The electromagnetic fields were computed in 

their integral form, under appropriate boundary conditions. The main advantages of this 

methodology are: i) the precision of the expansion in eigenfunctions (guaranteed by the spectral 

theory); (ii) greater flexibility with regard to the characteristics of the environment; iii) the 

possibility of including sources with an arbitrary distribution chain; iv) its application in 

isotropic and/or anisotropic media. 

Some papers that were developed on the electromagnetic propagation in mixed paths were 

also mentioned. Two models that are widely used for propagation treatment on paths of more 

than one type of terrain: Millington's method and the method described in ITU-R 

recommendation P.1546. 

The initial objective of this thesis, presented in its previous stage (doctoral qualification), 

was the application of the Dyadic Green's Function using the Millington method to treat mixed 

paths: (1) Land-River, (2) Land-River-Forest and (3) Land-River-Forest-River. With the 

development of the study, it was possible to obtain a formulation for mixed routes using DGF 

for multipath media. With the proposed model, the electric field can be calculated for: (1) Land-

River, (2) Land-River-Forest, (3) Land-River-Forest-River, and other situations.  

A new approach and equations considering vertical propagation are used. The City-River-

Forest mixed path is studied because of the availability of the data collected. This is a mixed 

path not studied before. The ITU-R P.1546-5 model is not very efficient for mixed paths. 

Although the DGF is a deterministic model, it provides better results for the mixed path 

analyzed. Despite all the mathematical formalism in the model using DGF, it is a robust and 

fast model for performing calculations. The presented results confirm the applicability of the 

model to the UHF frequency band with an RMS error of 1.19 dB.  

 With the study developed in this thesis, it is possible to elaborate other studies/works, 

such as: 

- Application of the proposed model to other types of mixed paths; 

- A study showing the variability of the model with the parameters used; 
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- Measurements campaigns to obtain a set of data covering other frequency bands and 

considering longer distances. It is a very important study because there is little data about mixed 

paths including rivers. 

- With more data available, a study can be carried out to verify the performance of the 

proposed model. 

- Another study to generalize the formula described in recommendation ITU-R P.1546 

could be performed. 

- Using Bayesian Networks with the DGF, a calculation method can be elaborated to 

obtain accurate values of the electrical parameters the soil of a particular city or region. 
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